EVERY CLOSED KAHLER MANIFOLD WITH DEGREE OF MOBILITY >3
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ABSTRACT. The degree of mobility of a (pseudo-Riemannian) Kéhler metric is the dimension
of the space of metrics h-projectively equivalent to it. We prove that a metric on a closed
connected manifold can not have the degree of mobility > 3 unless it is essentially the Fubini-
Study metric, or the h-projective equivalence is actually the affine equivalence. As the main
application we prove an important special case of the classical conjecture attributed to Obata and
Yano, stating that a closed manifold admitting an essential group of h-projective transformations
is (CP(n), grubini—Study) (up to a finite cover and multiplication of the metric by a constant).
An additional result is the generalization of a certain result of Tanno 1978 for the pseudo-
Riemannian situation.

1. INTRODUCTION

1.1. h-planar curves. Let (g, J) be a Kiihler structure on a manifold M?". We allow the metric
g to have arbitrary signature. A curve v : I — M?" is called h-planar, if there exist functions
a(t), B(t) such that the following ODE holds:

(1) Vi = o + BI(9).

Actually, equation (1) can be written as an ODE (V44) A4 A J¥ = 0 on + only; but since this
ODE is not in the Euler form, there exist a lot of different h-planar curves with the same initial
data v(to),¥(to). Nevertheless, for every chosen functions o and 8, equation (1) is an ODE of
second order in the Euler form, and has an unique solution with arbitrary initial values v(to), ¥ (to)-

Let us recall basic properties and basic examples of h-planar curves.

Example 1. The property of a curve to be h-planar survives after the reparametrization of the
curve. In particular every (reparametrized) geodesic of g is an h-planar curve. This is the reason
why h—planar curves are also called almost geodesics or complex geodesics in the literature.

Example 2. Consider a 2-dimensional Riemannian Kéhler manifold, i.e. a Riemannian surface
(M2, g) with the induced complex structure J. For this Kihler manifold every curve on M? is
h-planar, since span{7(t), .J(¥(t))} coincides with the whole 7’4 M for #(t) # 0.

Example 3. Consider R?" = C" with the standard metric g = Z;l:l dz7d%’ and with the standard
complex structure J (acting by multiplication by the imaginary unit 7).

Then, a curve 7 is h-planar if and only if it lies on a certain “complex line” Span{v, J(v)} (for a
certain v # 0).

Example 4. Consider the complex projective space
CP(n) = {1-dimensional complex subspaces of C"**}

with the standard complex structure J = Jstandard- The unitary group U(n + 1) acts naturally
transitively by holomorphic transformations on CP(n). Since the group U(n+1) is compact, there
exists a Kéhler metric on CP(n) invariant with respect to U(n + 1). This metric is unique up
to multiplication by a constant and is called the Fubini-Study metric, we denote it by the symbol
grs. By an appropriate choice of the constant, grg becomes a Riemannian metric of constant
holomorphic sectional curvature equal to 1 and we determine gpg uniquely by this choice. Let 7
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be the standard projection 7 : C"*1\ {0} — CP(n). We call a subset L C CP(n) a projective
line, if L is the image of a 2-dimensional complex subspace of C"*! under the projection .

Let us see that every curve 7 lying on a certain projective line L is h-planar (and vice versa).
Indeed, L is a totally geodesic 2-dimensional submanifold (for example since there exists an element
f € U(n+1) such that L is the set of fixed points of f). Since L is J—invariant, (L, gps|r, 1) is
a two-dimensional K#hler manifold (as in Example 2); in particular every curve on (L, gp siLsJ|L)
is h-planar. Since the restriction of the connection of grg to L coincides with the connection of
grs|rL, every curve h-planar with respect to (gps|r,Jjz) is also h-planar with respect to (grs,.J).
Now, every initial data v(0),¥(0) and every functions «(t), 5(t) can be realized by a h-planar curve
lying on an appropriate projective line. Thus, a curve is h-planar if and only if it lies on a certain
projective line L.

1.2. h-projectively equivalent metrics.

Definition 1 (h-projectivity). Two metrics ¢ and g that are Kédhler with respect to the same
complex structure J are called h-projectively equivalent, if each h-planar curve of g is an h-planar
curve of g and vice versa.

Example 5. If the metrics g and g are Kéhler with respect to the same complex structure J
and are affinely equivalent (i.e., if their Levi-Civita connections I' and I" coincide), then they are
h-projectively equivalent. Indeed, equation (1) for the first and for the second metric coincides if
r=r.

As we will see further, affine equivalence will be considered as a special trivial case of h-
projectivity.

Example 6. In particular, for every nondegenerate hermitian matrix A = (a;;) € Mat(n,n,C)
the metric g = Y., a;;dz'dz’ is h-projectively equivalent to the metric g = >71" | d2’dz" from
Example 3: indeed, the metric g is affinely equivalent to g and is K&hler with respect to the same
J. Though there exist other examples of metrics h-projectively equivalent to the metric from
Example 3; they can be constructed similar to Example 7.

Let us now construct Kéhler metrics h-projectively equivalent to the Fubini-Study metric grg
on CP(n). The construction is a generalization of the Beltrami’s example of projectively equivalent
metrics, see [4, 31].

Example 7. Consider a complex linear transformation of C**! given by a matrix A € GL,,1(C)
and the induced mapping f4 : CP™ — CP" defined by fa(w(z)) = w(Ax). Since the mapping fa
preserves the complex lines L and since by Example 4 h-planar curves are those lying on a certain
projective line L, the pullback g4 := figrs is h-projectively equivalent to grg. For further use let
us note that the metric g4 is isometric or affinely equivalent to ggg if and only if A is proportional
to a unitary matrix.

1.3. PDE-system for h-projectively equivalent metrics and the degree of mobility. Let
J be a complex structure on M>?" and let g and § be two metrics on M?" such that (g,.J) and
(g,J) are Kahler structures. We consider the following (0, 2)-tensor a;; on M:

1
detg\ =
(2) a; = (detg> 903" 95,

where g7 is the (2,0)-tensor dual to Jas: gaﬁggﬂ, = 05.
Obviously a;; is a hermitian, symmetric and non-degenerate (0, 2)-tensor.

Convention. We work in tensor notations. In particular we denote by “comma” the covariant
differentiation with respect to the Levi-Civita connection defined by g, i.e., for example T;;; =
VT for a (0,2)-tensor T. We sum with respect to repeating indices and use the metric g to raise
and lower indices, for example Jji, = gjoJ}, is the Kdhler 2-form corresponding to g. All indices
range from 1 to 2n; the greek indices a, 3, ... also range from 1 to 2n and will be mostly used as
summation indezes (“dummy” indices in jargon). We also introduce the following notation: for
every 1—form w; we denote by w; = J*,w, the “multiplication” of w with the complex structure J.
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The following statement plays an important role in the theory of h-projectivity; it reformulates
the condition “g is h-projectively equivalent to g” to the PDE-language.

Fact ([40, 41]). Let (g,J) and (g, J) be two Kdihler structures on M?"™. Then, g is h-projectively
equivalent to g if and only if there exists a (0,1)—tensor \; such that a;; given by (2) satisfies

(3) aijk = Nigjk + Njgie — Nidjk — AjJik

One can and should regard equation (3) as a PDE-system on the unknown (a;j,A;) whose
coefficients depend on the metric g. Let us mention though that it is possible to consider (3) as a
PDE-system on the unknown (a;;) only: Indeed, contracting (3) with g*/ we obtain (aé)’k =4\
(which in particular implies that the covector A; is a gradient, i.e., A; j = A;;).

Note that the formula (2) is invertible. Then, the set of the metrics g h-projectively equivalent
to ¢ is essentially the same as the set of the hermitian and symmetric solutions of (3) (the only
difference is the case when a;; is degenerate; but since adding const - g;; to a;; does not change
the property of a;; to be a solution, this difference is not important). Indeed, one can show that
if (g,J) is Kahler, a;; is hermitian, symmetric, nondegenerate and satisfies (3) for a certain A,
then the metric g constructed via (2) is also K&hler with respect to J.

We see that the PDE-system (3) is linear, hence the set of its solutions is a linear vector space.

Definition 2. The degree of mobility of a Kahler metric g is the dimension of the space of solutions
(@ij, Ai) of (3), where a;; is symmetric and hermitian.

Remark 1. The degree of mobility D is at least 1 and is finite, 1 < D < oco. Indeed, g itself is
always a solution of (3) (with A; = 0), implying D > 1. We will not make use of the fact that
D is finite, in fact D < (n + 1)2, but it will be a direct consequence of Section 4 (and follows for
example from [41, Theorem 2|).

Convention. The equation (3) plays a fundamental role in our paper. Whenever we speak about
a solution (a;;, \;) of this equation, we assume that a;; is symmetric and hermitian. One of the
reasons for it is that if a;; is constructed by (2), then it is automatically symmetric and hermitian.
The second reason is that the procedure of symmetrization and hermitization

1
Ty > {Ta (870 + 8587 + 7,07 4+ 02,07 )

does not affect the right hand side of the equation; so without loss of gemerality we can always
think that a;; in (3) is symmetric and hermitian.

Remark 2. For further use, let us note that if A\; = 0, then the metric § corresponding to a;; is
affinely equivalent to g (if it exists, i.e., if a;; is nondegenerate).

1.4. Main result. Our main result is the following

Theorem 1. Let (M?", g,J) be a closed connected Kdhler manifold of degree of mobility D > 3
and of real dimension 2n > 4. Then
e thereis a constant ¢ € R, ¢ # 0, such that (M>",c-g,J) can be covered by (CP(n), grs, Jstandard)
where gpg denotes the Fubini-Study metric on CP(n) with the standard complez structure

or

e cach Kahler metric g, h-projectively equivalent to g, is affine equivalent to g.

In other words, a closed Kéhler manifold (M?", g, J) which is not (a quotient of) (CP(n), const -
9FS, Jstandard) Can not have D > 3 unless every metric h-projectively equivalent to g is affinely
equivalent to g.

We would like to point out that we do not assume in Theorem 1 that the metric g is Riemannian:
an essential part of the proof is to show that it must be definite (i.e., that const - g is Riemannian
for an appropriate constant).
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1.5. All conditions in Theorem 1 are necessary. The assumption D > 3 is necessary. Indeed,
a construction of a Kéhler metric g on CP(n) of non-constant holomorphic sectional curvature
such that it admits a metric g that is h-projectively equivalent to g, but not affinely equivalent
to g can be extracted from [17]. In a certain sense, Kiyohara found a way how one can perturb a
pair of h-projectively equivalent metrics on a closed manifold such that they remain h-projectively
equivalent. The space of perturbations is big and depends on functional parameters. Perturbing
h-projectively equivalent metrics from Example 7, we obtain (for generic parameters of the pertur-
bation) metrics on CP(n) of non-constant holomorphic sectional curvature admitting non-trivial
h-projectivity.

The assumption that the manifold is closed is also necessary. The simplest examples of local
metrics different from grg with big degree of mobility are due to [51], see also [8, 47]: it was shown
that (locally) a metric of constant holomorphic curvature (even if the metric is not positive definite
and the sign of the curvature is negative) admits a huge space of h-projectively equivalent metrics.
One can also construct examples of (local) metrics of non-constant holomorphic curvature with
degree of mobility > 3 using the results of [39, §2.2].

The second possibility in Theorem 1 (when g and g are affinely equivalent) is also necessary.
Indeed, consider the direct product of three Kéhler manifolds

(M1, g1,J1) x (M, ga, J2) x (Ms, g3, J3).

It is a Kéahler manifold diffeomorphic to the product M; x My x M3, the metric is the sum of
the metrics g1 + g2 + g3, and the complex structure is the sum of the complex structures. Then,
for any constants cy, ¢z, c3 # 0, the metrics ¢y - g1 + ¢2 - g2 + ¢2 - g3 is h-projectively equivalent to
g1+ g2+ g3 (because they are affinely equivalent to it), i.e., the degree of mobility of g1 + g2 + g3 is
at least 3. If M; are closed, then M; x My x Msj is closed as well. Of course, the metric g1 4+ g2+ g3
is not const - gpg.

1.6. History, motivation, and first applications.

1.6.1. History and motivation. h-planar curves and h-projectivity of Kdhler metrics where intro-
duced in [43, §§9-10]. Otsuki and Tashiro did not explain explicitly their motivation, from the
context one may suppose that they tried to study projectively equivalent metrics (the definition
is in Section 1.10) in the Kéhler situation, found out that they are not interesting (impossible
except of few trivial examples), and suggested a Kahler analog of projectively equivalent metrics.
Actually, it was one of the main trend of their time to adapt Riemannian objects to the Kahler
situation, see for example the book [56] (where many objects were generalized to the Kihler
situation; h—projectively equivalent metrics are in the last chapter of this book).

The notion turned out to be interesting and successful, there are a lot of papers studying h-
projectivity and its generalizations, see for example the recent survey [39]. At a certain period of
time h—projectivity was one of the main research topics of the Japanese and Soviet (mostly Odessa
and Kazan) geometry schools. At least two books, [45] and [56], have chapters on h—projectively
equivalent metrics.

One of the mainstreams in the theory of h-projectivity is to understand the group of h-projective
transformations, i.e., the group of diffeomorphisms of (M?2", g, J) that preserve the complex struc-
ture and send the metric to a metric that is h-projectively equivalent to g. This set is obviously
a group, Ishihara [15] and Yoshimatsu [58] have shown that it is a finite dimensional Lie group
and the challenge was to understand the codimension of the group of affine transformations or
isometries in this group, see for example [15, 13, 57, 1, 11, 39].

As it follows from Example 7, the group of h-projective transformations of (CP(n), grs, Jstandard)
is much bigger than its subgroup of affine transformations. A classical conjecture (in folklore this
conjecture is attributed to Obata and Yano, though we did not find a reference where they for-
mulate it explicitly) says that, on closed Riemannian Kdihler manifolds that are not quotients of
(CP(n),const - grs, Jstandard), the connected component of the group of h-projective transforma-
tions contains isometries only. In particular, in the above mentioned papers [15, 14, 13, 57, 1],
the conjecture was proved under certain additional assumptions; for example, the additional as-
sumption in [13, 57, 1] was that the scalar curvature of the metric is constant.
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In Section 1.6.2, we give new results in this direction. In particular, we show that the codimen-
sion of the subgroup of isometries in the group of h-projective transformation is at most one.

Recent interest to h-projectivity is in particular due to an unexpected connection between h-
projectively equivalent metrics and integrable geodesic flows: it appears that the existence of g
h-projectively equivalent to g allows to construct quadratic and linear integrals for the geodesic
flow of g, see for example [53, 18]. Theorem 1 shows that there is no metric (except of Fubini-
Studi) on a closed K&hler manifold such that its geodesic flow is superintegrable with integrals
coming from h-projectively equivalent metrics.

1.6.2. First applications: special cases of the Yano-Obata conjecture. Let (M?>",g,J) be a Kihler
manifold. Recall that a diffeomorphism f : M — M is called a h-projective transformation if
it preserves the complex structure J and sends the metric g to a metric that is h-projectively
equivalent to g. The set of all h-projective transformations of (M?", g, .J) forms a Lie group which
we denote by HProj. We denote by HProj, its connected component containing the identity. The
groups of affine transformations and isometries of M preserving the complex structure and their
connected components containing the identity will be denoted by by Aff(g, J), Iso(g, J), Affo(g, J),
and Isog(g, J), respectively.

Corollary 1. Let (M*",g,J) be a closed connected Kihler manifold of dimension 2n > 4. As-
sume that for every const # 0 the manifold (M>*",g,J) can not be covered by (CP(n),const -

9FS, Jstandard). Then the group Isog(g,J) has the codimension at most one in the group HProj,,
or HProj= Aff(g,J).

Proof. First assume D = 1. This means that each metric that is h-projectively equivalent to g, is
proportional to it. Thus, every h-projective transformation is a homothety. Since the manifold is
closed, every homothety is an isometry implying H Proj = Iso(g, J).

Assume now D > 3. Then, by Theorem 1, every g h-projectively equivalent to ¢ is affinely
equivalent to g implying HProj = Aff(g, J).

The remaining case is D = 2. We need to show that the Lie-algebra of Isoy(g, J) has codimension
at most one in the Lie-algebra of HProj,.

Let u,v be infinitesimal h-projective transformations, i.e. vector fields on M generating 1-
parameter groups of h-projective transformations. We need to show that their certain linear
combination is a Killing vector field. Let us first construct a mapping ¥ : v — a, sending an
infinitesimal h-projective transformation to a solution of (3).

We denote by ®¥ the flow of u and define g; := (P¥)*g. As we recalled in Section 1.3 (see Fact
there), the (0,2)—tensor a(t);; given by (in matrix notation)

1
detg \ 2D
t) =
a(t) <detg) 99; 9

satisfies equation (3). Taking the derivative at ¢ = 0, and replacing the t—derivatives of tensors
by Lie derivatives, we obtain that the (0,2)—tensor

trace g~ ' L,g

w = Ly
“ I m )

satisfies equation (3).

We define then the mapping ¥ by ¥(u) = a,. The mapping is clearly linear in u. Since the two-
dimensional space of the solutions of (3) contains the one-dimensional subspace {c- g | ¢ € R}, for
every two infinitesimal h-projective transformations u, v there exists a linear combination bu + dv
such that U (bu+ dv) = cg (for a certain ¢ € R). Let us show that bu + dv is a Killing vector field.
We have:

trace ¢ Lyyt-dog
(4) Loutdvg — —

2(n+1)

Multiplying this (matrix) equation by the inverse matrix of g and taking the trace, we obtain

= cg.

trace(9™" Lyurdng) — graiytrace(9™" Lyu+dog) = 2ne.
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Thus, trace(¢~'Lyutdavg) = 2n(n + 1)e. Substituting this in (4), we obtain that Ly,iqvg =
¢(l1 —n)-g. Then, bu + dv is an infinitesimal homothety. Since the manifold is closed, any
infinitesimal homothety is a Killing vector field implying that bu + dv is a Killing vector field as
we claimed. (]

In Corollary 1 we allow g to have arbitrary signature. If we assume in addition that g is
positively definite, then by the classical result of Yano [55] the group Affy(g,.J) coincides with
Isog(g,J) implying that the (“connected version” of the) second possibility HProj = Afi(g,J)
reads HProj, = Isog(g, J). Thus, in the Riemannian case, we have

Corollary 2. Let (M?",g,J) be a closed connected Riemannian Kdhler manifold of dimension
2n > 4. Assume (M?",g,J) can not be covered by (CP(n),const - grs, Jstandard). Then the group
Isog(g,J) has the codimension at most one in the group HProj,.

Remark 3. Actually, one of our motivation, and one of our next goals, is to prove the Yano-Obata
conjecture that we recalled in Section 1.6.1 in its full generality. At the present point we can prove
it under the following additional assumption: for a certain g h-projectively equivalent to g, the
(1,1)—tensor a; := g®a,j, where a;; is given by (2), has at least two non-constant eigenvalues.
The proof heavily relies on the results of the present paper, is lengthy and will appear elsewhere
(unless we or somebody else prove the Yano-Obata conjecture in its full generality).

1.7. Additional motivation: new methods for the investigation of the global behavior
of h-projectively equivalent pseudo-Riemannian metrics. In many cases, local statements
about Riemannian metrics could be generalised for the pseudo-Riemannian setting, though some-
times this generalisation is difficult. As a rule, it is very difficult to generalize global statements
about Riemannian metrics to the pseudo-Riemannian setting. The theory of h-projectively equiv-
alent metrics is not an exception: certain local results could be generalized without essential
difficulties. Up to now, no global (say if the manifold is closed) methods for the investigation of
h-projectively equivalent metrics were generalized for the pseudo-Riemannian setting.

More precisely, virtually every global result (see for example the surveys [39, 46]) on h—projectively
equivalent Riemannian metrics was obtained by using the so-called “Bochner technique”, which
requires that the metric is positively defined.

Our proofs (we explain the scheme in the next section) use essentially new methods (in Sec-
tion 1.10 we explain that these methods were motivated by new results in the theory of projec-
tively equivalent metrics). We expect further applications of these new methods in the theory of
h-projectively equivalent metrics, and in other parts of differential geometry.

1.8. Additional result: Tanno-Theorem for pseudo-Riemannian metrics. In [50], [13] the
following statement was proved:

Let f be a non-constant smooth function on a closed Riemannian Kdihler manifold (M>", g, J)
of dimension 2n > 4 such that the equation

(5) Fijk = 62f k- gij + figjk + Fi9ik — Fidjk — fjdik)-

is fulfilled (for a certain constant r). Then, k <0 and (M?",g,J) has constant holomorphic sec-
tional curvature —4r. In particular, (M?", —4k-g, J) can be finitely covered by (CP(n), grs, Jstandard)-

More precisely, Tanno assumed that x < 0; in this case it is sufficient to require that the
manifold is complete. Hiramatu proved that the equation can not have nonconstant solutions for
Kk > 0, if the manifold is closed. One can construct counterexamples to the latter statement, if the
manifold is merely complete.

We will show in Section 6 that a part of the proof of our main result gives also a proof of the
pseudo-Riemannian version of the above statement:

Theorem 2. Let f be a non-constant smooth function on a closed connected pseudo-Riemannian
Kdhler manifold (M?",g,J) of dimension 2n > 4 such that the equation (5) is fulfilled (for a
certain constant k).
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Then, k # 0 and (M?", -4k - g, J) can be finitely covered by (CP(n), grs, Jstandard)-

1.9. Plan of the proof. We assume that (M?2",g,.J) is a closed connected Kéhler manifold of
dimension 2n > 4. We divide the proof of Theorem 1 in four steps.

e In Section 2, assuming D > 3, we show that for every solution (a;;, A;) of equation (3)
there exists a constant B € R and a function p such that the following “extended” system

aijk = Nigjk + Nigik — Nidjk — NjJik
Aij = Kgij + Bai;

is satisfied (see Theorem 3). For a;; # const-g;;, the constant B is uniquely determined by
the metric (Corollary 7), i.e., is the same for all solutions of (3) that are not proportional
to g.
In Sections 3, 4, 5 we will work with the above “extended” system only, i.e., we will

not use that the degree of mobility of g is > 3 anymore. We show that the existence of
a solution (a;j, A, i) with A\; # 0 on a closed connected Kihler manifold implies that the
metric is proportional to the Fubini-Study metric. We proceed as follows:

e In Section 3 (see Theorem 4), we show that B # 0 unless \; = 0.

o If B # 0, by replacing g with —B - g, without loss of generality we can assume B = —1.
In Section 4, we show that, for B = —1, the metric g is positively definite.

e In Section 5, we combine the results of the previous sections and the result of Tanno [50] we
recalled in Section 1.8, to show that our manifold is covered by (CP(n), const-grs, Jstandard)-
This concludes the proof of Theorem 1.

1.10. Relation with projective equivalence and further directions of investigation. Two
metrics g and g on the same manifold are projectively equivalent, if every geodesic of g, after an
appropriate reparametrization, is a geodesic of g. As we already mentioned in Section 1.6.1, we
think that the notion “h-projective equivalence” was introduced as an attempt to adapt the notion
“projective equivalence” to Kéhler metrics. It is therefore not a surprise that certain methods
from the theory of projectively equivalent metrics could be adapted for the h-projective questions.
For example, the above mentioned papers [13, 57, 1] are actually an h-projective analog of the
papers [54, 12] (dealing with projective transformations), see also [10, 48]. Moreover, [58, 51] are
“Ké&hlerizations” of [14, 49], and many results listed in the survey [39] are “Kéhlerizations” of those
listed in [38].

The Yano-Obata conjecture is also an h-projective analog of the so-called projective Lichnerowicz-
Obata conjecture (recently proved in [33, 29|, see also [26, 27]). There also exists a conformal analog
of this conjecture (the so called conformal Lichnerowicz-Obata conjecture proved in [2, 42, 44]),
whose C'R—analog was proved in [44].

We also used certain ideas from the theory of projectively equivalent metrics. In particular,
the scheme of the first part of the proof of Theorem 1 is close to the scheme of the proof of [16,
Theorem 1], see also [30], the scheme of the second part of the proof is close to the proof of 35,
Theorem 1] (though the proofs in the present paper are technically much more complicated than
the proofs in [16, 35]).

Let us also recall that recently new methods for the investigation of projectively equivalent
metrics were suggested. A group of these new methods came from the theory of integrable systems
and from the dynamical systems [20, 36, 37, 21, 22, 24, 5, 52]. These new methods allowed in
particular to obtain topological obstructions that prevent the metric on a closed manifold to have
two nonproportional projectively equivalent metrics, see for example [23, 24, 25, 28]. We expect
that these methods could also be adapted for the investigation of h-projectively equivalent metrics
(first steps were already done in [18]).

Another group of new methods came from the geometric theory of ODEs, see for example [7,
32, 6]. We expect that these methods could also be adapted for h-projective transformations.

Let us also recall that equation (5) was introduced in [50] as “Kéahlerization” of f ;i = k(2f 1 -
9ij + fi9jk + fjgix). The latter equation appeared independently and was helpful in many parts
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of differential geometry: in spectral geometry [50, 9], in cone geometry [9, 3], and in conformal
and projective geometry (see [12, 50] and [34, 35] for references). We expect that equation (5) will
be helpful in the “Kéhlerizations” of these geometries.

2. LOCAL THEORY AND EXTENDED SYSTEM
The goal of Section 2 is to prove the following

Theorem 3. Let (M?",J,g) be a connected Kihler manifold of dimension 2n > 4. If the degree
of mobility D of g is > 3, then for every solution (a;;, \;) of (3), such that a;; # const- g, there
exists a unique constant B and a scalar function u, such that the extended system

aijk = NGk + Nigik — Nidje — NjJik
(6) Aij = 1gi; + Bag
is satisfied.

We see that the first equation of (6) is precisely the equation (3), i.e., is fulfilled by assumptions.
We would like to note here that the second and the third equations are not differential consequences
of the first one: they require the assumption that the degree of mobility is > 3.

The proof of the second equation is the lengthiest and trickiest part of the proof of Theorem 3.
After recalling basic properties of \; in Section 2.1, we will first prove a pure algebraic result
(Lemma 2). Together with Lemma 4, it will imply that the equation \; ; = pg;; + Ba;; holds in
a neighborhood of almost every point of M for a certain function B. Then, in Lemma 5 we show
that, locally, in a neighborhood of almost every point, the function B is actually a constant. The
constant B and the function p could a priori depend on a neighborhood of the manifold, the last
step will be to show that B and u are the same for each neighborhood and, hence, are globally
defined (Section 2.5). Now, the third equation of Theorem 3 will be obtained as a differential
corollary of the first two.

Note also that (g;5,0) is also a solution of (6), with @ = —B, so Theorem 3 holds for this
solution except for the constant B is not unique anymore. In Section 4 we will consider (g;;,0) as
a solution of (6) with B = —1 and p = 1.

2.1. Killing vector field for the geodesic flow of g. In this section we show that the 1-form
\; satisfies the Killing equation, a fact which we shall use several times during our paper.

Lemma 1 (Folklore, see for example [41]). Let (M?",g,J) be a Kdhler manifold of dimension
2n > 4 and let (a;5, \;) be a solution of equation (3). Then J anticommutes with g;;, a;; and X; ;:
Jaigaj = _giaJaj7
J“iaaj = —amJo‘j,

Jai/\a,j - _ALO(JQJ
Proof. The first equality is a part of the definition of K&ahler metrics, the second property follows

from our convention from Section 1.3. Let us prove the third equality.
Differentiating (3), we obtain

aij kel = Niggik + Ajagik — Nigdie — AjaJik

Substituting this into the formula a;j ., — aijue = Rjyar; + Rjjaq, (which is fulfilled for every
(2, 0)-tensor a;;) we obtain

(7) @ikl — Gijik = NiaGik — NikGil + Ajagik — NjkGit — NigJik + Nigdj— Njadie + Nk
= Rjarj + Ry

Multiplying this equation with ¢?* and summing with respect to repeating indexes, we obtain:
200 — g+ Mg — 07N kg — 0+ N J® — N+ 07N e T
(8) = (2n — DAig — ¢ Njwgis + Niwd "+ 975X Ji = ¢ Riar; + ¢7* Riyair
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Recall that g;; and a;; are hermitian and the curvature satisfies the symmetry relations
R;klgjaj = J7 aR?kl and R;aﬁjakjﬁl = R;kl

Now, let us rename ¢ — i’ and I — {’, multiply equation (2) by Ji/iJl/l, and sum with respect to
repeating indices. We want to show that this operation does not change the right hand side of the
equation. First we consider the second term on the right hand side:

ik pr i’ gl ik pr il gl ik i’ r gl ik pr i’ gl

g] Rjkl/a/i/f,sg] ZJ 1= _g'] Rjkl/ai/ij ,,,J 1= _g'7 Rrkl/ai/iJ jJ 1= _gj Ri/kl,a”‘J ]J 1
ji’ pr kgl ji’ pr ik pr

=9" Ripparid i/ 1 =9" Rijian =g’ Rijpiair

We see that this term remains unchanged. Similarly, for the first term on the right hand site we
have

gjk:R:/kl/arj Ji/iJl/l = gjk:R,ZL:;Cl/a/rj JT I Jl/l = —gijZ:;cl,a”-/ JT j‘]l/l
= ngngl’a’”"kaJl 1= ngREjlari’ = gij;}clajT
which again shows that the operation above does not change this term. Thus, the right hand site

of (2) remains unchanged, so the difference of the left hand side of (2) and the transformed left
hand site of (2) must be zero. We obtain:

0= (2n - I)Ai/’l/JiIiJl/l - gjk)\j_’kgi/l/Ji/iJlll + S\i/,kal/Ji/iJl/l + gjkj\jykJi/l/Ji/iJl/l
—(2n = DXy + g7 Njwga — Xiwd* ) — ¢ Nk Ju
= 2n—DAipd*; — @n—DAig — Mied®, = A adV, = 20— 2)(Mind®, — i)

Hence, S\iykal = X\;;. Multiplying by J! ; and using that A; ; is symmetric yields the desired
formula _S\iﬁj = )\i’lJl j = )\I’Z'Jl j = S\j,i' O

Corollary 3. Let (Mf”,g, J) be a Kihler manifold of dimension 2n > 4. If (a;j, \;) is a solution
of equation (3), then \' := g**)\,, is a Killing vector field for g.

Proof. A vector field v is Killing, if and only if the Killing equation v; ; +v;; = 0 is satisfied. For
the vector field !, the Killing equation reads \;, j+ A, = 0 and is equivalent to the third equality
of Lemma 1. O

Corollary 4. Let (a;;, M) be a solution of equation (3) on a connected Kdihler manifold (M*", g, .J)
of dimension 2n > 4. If \; # 0 at a point, then A\; # 0 at almost every point.

Convention. Within the whole paper we understand “almost everywhere” and “almost every” in
the topological sense: a condition is fulfilled almost everywhere (or in almost every point) if and
only if the set of the points where it is fulfilled is dense in M.

Proof. If \; # 0 at a point, then the Killing vector field A’ is not identically zero. It is known that
a Killing vector field that is not identically zero does not vanish on an open nonempty subset (to
see it one can use the fact that the flow of a Killing vector field commutes with the exponential
mapping). Thus, A\ # 0 at almost every point, implying \; # 0 at almost every point. (]

Corollary 5. Let (M?",g,.J) be a connected Kihler manifold of dimension 2n > 4 and let (a;;, \;)
be a solution of (3) such that a;; = 0 at every point of some open subset U C M. Then (aij, \;) =
(0,0) on the whole M.

Proof. If a;; = 0 in U, then A; = 0 in U implying A; = 0 on the whole M in view of Corollary 4.
Then, equation (3) implies that a,; is covariantly constant on M. Since it vanishes at a point, it
vanishes everywhere. O
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2.2. Algebraic lemma. Let us denote by J the following (2, 2)-tensor:
9) T3P =00l + e J”

Using this notation one can rewrite equation (3) in the form

(10) Qijk = Z—Z;jl()\z"gj'k + AjrGik)

The first step in the proof of Theorem 3 will be to show the validity of the second equation of the
system (6) in a point:

Lemma 2. Let (M?",g,J) be a Kihler manifold of dimension 2n > 4 and let (a;;,\;) and (A;j, A;)
be solutions of (3) such that at the point p € M, a,g, and A are linearly independent. Then, there
exist numbers B and u, such that the equation

(11) Aij = ngij + Baij.

holds at p.

Proof. Substituting (10) in a;;x — aijie = aia RSy, + ajo Rfy,, we obtain

(12) ia RSy + aja Ry = T35 (N gjok + Mg ik — Mir Gyt — Ak jogint)

These equations are fulfilled for every solution of (3), thus for (A4;;,A;). We denote by (12.A) the
equation (12) with (a,;,A;) replaced by (A;;,A;). From this point we will work in the tangent
space to the fixed point p only.

Since equations (12) and (12.A) are not affected by the transformation (for any constants
a,A,c,C)

(13) Q;j — Q5 + Q- gij, )‘iJ — )‘LJ' + ¢ - gij,

(14) Aij = Aij+A-gij, Ny — A +C - gij,

without loss of generality we can assume that a;;, A; j, Ai; and A, ; are trace-free, i.e.
(15) aijg? = Xijg” = Aijg” = A g7 = 0.

In this “trace-free” situation, our goal is to show that A; ; = B - a;; for a certain number B.
After contracting (12) with Al and renaming of the indices | — 3, I’ — I, we obtain:

(16) (0778% ]O‘kﬁAlﬂ + aja zakﬂAB — \7:]-7 (Alﬁ)‘ﬁ,i’gj’k + Af)‘ﬁ,]’gz’k — AlBAk,i’gj’ﬁ _ Alﬁ)‘k},j’gi’ﬁ)-
Because of the symmetries of the curvature tensor,
o Rj.5A) = af Rajip Al = af Rarja Ay

Then, equation (16) can be rewritten as

(17)  aP A} Rprjo + a5 A7 Raria = T357 (A)Ngwrgjok + A] Ag ik — AP Meirgjs — A Mi joging).

Symmetrizing with respect to (I, k) and rearranging the terms we obtain

(18)  af(AY Rgrjo + A} Ratja) + a5 (A Rgkia + A} Rgia) =
= T (A Mo gin + A) Ng jrgink — A M gjrs — AY e g girp+
+ AP A g + AL Ns 51 gin — Ap Mg — AR gv ).

The terms in the brackets in the left hand side are the left hand side of (12.A) with renamed
indices: the rules for renaming indices are

i a5 k1 i a5 k1
(lﬁkjoz)and<lﬂkioz’
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respectively. Substituting (12.A) in (18), we obtain

19) TE (a8 (Mawgws + e gy — Njigira — Ajrgra)+
+a (Ao grri + Mok grri — Ni v grra — Niwgra)] =
= Z?j/ [A] (ANt Gk + Aovjr Girk = MeirGjra — Mkjr Gira )+
AL Aot gjn + Aajrgint — Mirira — M jrGira)] -

Now we want to change the contraction with the tensor J,fl/l/ by the contraction with the tensor

jjlj ". This operation is possible (= after applying it we obtain the same equation), because of

specific symmetries of each component in brackets. Indeed, for the first component we have

(20) T"af Nawgry = (65 6 + J*J" )ad Nawgwj =
= 61@ 6l a;‘XAa,l’gk:’j + Jkle la?Aa,l’gk’j =
= 6] 67 afNawrgrj + J*J" 108 Moy gre

Consider the last part and apply Lemma 1 several times:

(21) J5J! 105 Moy gy = (J* KIk'j) - (J' Ava) - (gaﬁaﬁi) =
= (= j95k) - (=% Dar) - (9% agi) = (J j95%) - Aar - (J¥097) - api =
= (I 595%) - Dara - (=T 50" ) - agi = (7 jg5k) - Aar 1™ - (=7 gags) =
= (7 ;95k)  Aarag” ™ - (T savp) = T 07 ;a8 Naagim
Then j,fl/l/a?Aa’l/gk/j = Zéfj/aﬁAa,lgkj/, as we claimed.
The proof for all other components is analogous (in fact, in the proof we used the hermitian

property of a;;, A j, gi; only, and this property is fulfilled for all these tensors by Lemma 1).
Therefore, considering each component in the left part of (19) separately, we obtain:

(22) ¥7ii‘,j/ (a5 (Aa,igrjr + Mok — Njr1Gka — Njr kGia)+
+aj (Aaigrir + Aok grir — Nir 1Gka — Ai kgia)] =
= Z—?j/ [A} (Nt Gk + Aovjr Girk — MeirGjra — Akjr Gira )+
AL Aot gjn + Aajrgint — Mirira — MjrGira)] -

In the left hand side of (22), we collect the components on containing g with the same indices:

(23) T4 (a8 Aas — AP N )i + (S Aa s — AT Nair g1+
H(af Aot = A Xag ) gk + (F Dok = AfXa g )gu] =
= ‘71’3‘] [ai/k/\j/,l +ainhj g+ aypi g+ ajnli g — Ay — A g — Ay — Ai’k>\l,j/]

We set ¢y = af'Aq, 1 — Af* A ;. it is easy to check that ¢;; anticommutes with J: J;cq; = —Cia ;.
Then equation (23) takes the form:

Y

i'j _
(24) T lcingje + congin + ¢ingink + crrgin] =
1
=T laieNjr o+ aindj g+ ajipNi g+ agnli g — Agidg i — A g — AjiAe — Ay

Let us now contract the last equation with ¢’%. This operation involves the j-index, so we
have to make use of the explicit formula (9) for 7. After some index manipulations, using the
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anticommutation- and trace-free-properties of the tensors involved! , we obtain:

(25) 2ney + (ejrg’™)ga = 0,
which implies ¢;; = 0. Since ¢;; = 0, the equation (24) reads
(26)

Y

T5 JaieNj g+ ainljg + ajeli g+ ajuli g — Ajnei — Aindijr — Ajpdy — Aigi ] =0

Let us now multiply (26) by %jg(f. After rearranging components and renaming indices we can
write the equation in a more symmetric way:

1 . -/ ’ .’ -/ k/ ./ -/ k?/ .7 -/ k/
(27) 5(52 5; oy + 90} J]jJ v+ J iJ]j§k - J' i6§ IV
(aip Njra + ainjr g + g Nir g + i g —
- Aj/lAk/7i/ - Ai/l}\k/7j/ - Aj/k'/)\l7il - Al‘/k/Al’j/) = 0

Using that J anticommutes with a;;, Ai;, A; ; (see Lemma 1) one can get
(28)
ailAng + ajkAi,l + Ji/iJ] j(ai/lAj/vk + aj/kAi/,l) = Az'l/\j,k + Ajk)‘i,l + Ji,iJJ j (Ai’l)‘j/,k + Aj’k)‘i’,l)
Symmetrizing (28) by (i,1) we finally obtain
(29) ailAng + ajkAu = Ail)\j,k + Ajk>\i,l~
In other words, Axas + Aqaxy = A\qAyx + Ap A+, where R and 7 stand for the symmetric indices jl
and ¢k, respectively.

But it is easy to check that a non-zero simple symmetric tensor Xy = Py@=+ PqQx determines
its factors Py and Q= up to scale and order (it is sufficient to check, for example, by taking Py

and ()5 to be basis vectors). Since a;; and A;; are supposed to be linearly independent, it follows
that A; ; = const - a;;, as required. O

Remark 4. We would like to emphasize here that, though Lemma 2 is formulated in the differential-
geometrical notation, it is essentially an algebraic statement (in the proof we did not use differ-
entiation except for the integrability conditions (12) that were actually obtained before, see (7)).
Moreover, we can replace R;kl in (12) by any (1, 3)-tensor having the same algebraic symmetries
(with respect to g) as the curvature tensor.

2.3. If the solutions a;;, A;; and g;; are linearly dependent over functions, then they
are linearly dependent over constants. The goal of this section is to show, that under the
assumption of degree of mobility > 3, equation (11) holds in a neighborhood of almost every point
of M for each solution (a;j, \;) of equation (3). The real numbers B and p in equation (11) then
become smooth function on this neighborhood. In the end of this section, it will be also shown
that the local function B is the same for all solutions of equation (3).

Corollary 6. On a Kdhler manifold (M*"=%,g,.J), let (Aij, \;) and (a;;, \;) be solutions of (3).
Then, almost every point p € M has a neighborhood U(p) > p such that in this neighborhood one
of the following conditions is fulfilled:

IEach component separately:
Cil!]jk!]jk = 2ncy, Cikgjlgjk = Cil,
ci1ging®® = cu,  cigug’™ = (cjrg’™)ga,
Ji/iJj/jci’lgj’kgjk =0, Ji/i‘]j/jci’kgj’lgjk = —cil,
JiliJj/jcj’lgi/kgjk =—J" I ey = —cu, Ji,i‘]j’jcj/kgi’lgjk = *(ijJj/jCj/k)Ji/igi’z =0,
airhjig’" = alApi, @il g’ =0, ajhiig?t =0, a;h;kg’* = A pal,

i’ 7’ jk _ _ P i’ 7’ ik _ i’ gi’ ik _ i’ 7’ ik _ p
JU T jai/kAj/’ng =—a Ny, JJ jai/lAj/,ng =0, J';J jaj/kAi/Jg] =0, J',;J jaj/lAi/,ng = —A;paj.



EVERY CLOSED KAHLER MANIFOLD WITH DEGREE OF MOBILITY > 3 IS (CP(n), grubini-Study) 13
(a) a;j,Aij, and g;; are linearly independent at every point of U(p),
(b) aij, Aij, and g;; are linearly dependent at every point of U(p).

Proof. Let W be the set of the points where (a) is fulfilled. W is evidently an open set. Consider
int (M \ W), where “int” denotes the set of the interior points. This is also an open set, and
W Uint (M \ W) is open and everywhere dense. By construction, every point of W Uint (M \ W)
has a neighborhood satisfying the condition (a) or the condition (b). O

One of the possibilities in Corollary 6 is that (in a neighborhood U(p)) the solutions a;;, A;;
and g;; of (3) are linearly depended over functions. Our goal is to show that in this case they
are actually linearly dependent (over constants). At first we consider the special case, when two
solutions are proportional.

Lemma 3. Let (M?",g,J) be a Kihler manifold of dimension 2n > 4, and let (a;;,\;) and
(Aij, Ai) be solutions of (8) such that a;; # 0 at every point of some open subset U C M. If
a: U — R is a function such that

(30) A= «a,
then « is constant, and A = aa on the whole M.

Proof. Since A;; and a;; are smooth tensor fields on U and a;; # 0, the function « is also smooth.
We covariantly differentiate (30) and substitute the derivatives of a;; and A;; using (3) to obtain

(31) Yigik +Vigik — Vidjk — ViJik = @ kaij,

where 7; := A; — a);. Contracting equation (31) with a non-zero vector field U* such that
Ukay, = 0 yields

(32) YiU; + ;Ui + %:U; + ;U = 0
Let us now show that at every point
span{U7, U7} C span{~’,57}+.
For every vector field V7 € span{U’, U7} we have (contracting this vector field with (32))
(V) Ui+ (V7)) U; = 0
Since U; and U; are linearly independent, ’ijj = ﬁjVj = 0. Then V; € span{+/,57}+. Thus,
span{U7, U’ }+ C span{y?,57}* as we claimed.

Assume ; # 0. Then the spaces span{U’,U’}* and span{y’,77}* have equal dimension
(2n — 2), and therefore coincide. The same holds for their orthogonal complements and we obtain

span{U7, U’} = span{+?,7’}
Thus, every vector U’ from the at least (2n — 1)-dimensional space span(a ") lies in the 2-
dimensional space span{y’, 47}, which gives us a contradiction. Thus, 7; = 0 and equation (31)

reads a ra;; = 0, implying o is constant on U. Therefore, the solution A;; —a;; vanishes at every
point of U. By Corollary 5 it vanishes on the whole M. O

Now let us treat the general case:

Lemma 4. On a connected Kdihler manifold (M?",g,J) of dimension 2n > 4, let (a;;, \i) and
(Aij, Ai) be solutions of (3). Assume that for certain functions o and 3 on an open subset U C M
we have

(33) Aij = agij + Bay;
Then there exist constants (C1,Cq,C3) # (0,0,0) such that
C1A+ Cya+ Cs39g=0 on the whole M.
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Proof. If there locally exists a function ¢ such that a;; = cg;;, then by the previous Lemma 3 the
function ¢ is a constant. Hence, by Corollary 5, one can choose C; =0, C5 = —1 and C5 = c.
Let a;; be non-proportional to g;;. Then (33) is a linear system of equations of maximal rank
with smooth coefficients on functions o and (. Thus, its solutions « and § are smooth.
Similarly as before in Lemma 3, by differentiating (33) we obtain

(34) YiGik + Vi9ik — Vidjk — VjJik = 0 Gij + B ras;

where v; = A; — BA;.
Assume v; # 0. We contract (34) with a vector field U? such that UFa , = U¥3; = 0 to obtain
equation (32). As in the proof of Lemma 3, we obtain

span{U7, U7} = span{y?, 57}
implying U; = ¢ - ~y; + d - %; for certain functions ¢ and d. We substitute U; in (32) to obtain
2¢- (i +7%) = 0.

Since v; # 0, it follows that ¢ = 0, and therefore U’ = d - 4°. We have shown that every vector U*
from the at least (2n — 2)-dimensional space span(a,i, B, )1 is proportional to 4¢, which gives us
a contradiction. Thus, 7; = 0 and equation (34) takes the form

Q ka5 + ,kagij =0.

By Lemma 3, o, = 3 = 0, implying o = const =: ', and 3 = const =: C3.
Therefore, the solution A;; — Caa;; — Csg;; vanishes at every point of U. By Corollary 5 it
vanishes on the whole M. O

Thus, if the degree of mobility is > 3, by Lemma 4, for every solution (a;;, A;) of (3) such that
a;j # const - g;;, equation (11) holds in a neighborhood of almost every point of M (for some
locally defined functions B and p that could a priori depend on the solution (a;;, A;)). Our next
goal is to show, that the function B is the same for all solutions:

Corollary 7. Let (M?",g,J) be a Kihler manifold of dimension 2n > 4 and assume that the
degree of mobility is > 3. Then, the function B defined by equation (11) does not depend on the
solution (a;j, \;) of equation (3).

Proof. Take the second solution (4;;, A;) of equation (3). Let us first assume that g;;, a;; and A;;
are linearly independent.

We know that (a;; + A;j, A + A;) is again a solution. Adding equations (11) for (a;;, A;) and
(Ai;, A;) with functions B and B’ respectively and substracting the same equation corresponding
to the sum of the both solutions (the correspondent function B for the sum of solutions will be
denoted by BT), we obtain

0 = something - g;; + (B — B")a;; + (B’ — BT)A,;;

Combining Lemma 4 and the assumption that g,a and A are linearly independent, we obtain
B = B* = B’ as we claimed.

Consider now the second case when g;;, a;; and A;; are linearly dependent, i.e. (without loss
of generality), A;; = Cgi; + Da;; on M for some constants C' and D. Thus, the corresponding
1-forms A; and A; for A;; and a;; respectively are related by the equation A; = DA;. Multiplying
equation (11) by D we obtain

——— ———— —_—
A 5 M Ajj

This is equation (11) on (A;j,A;) with the same function B. Finally, in all cases, the function B
is the same for all solutions of equation (3). O
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2.4. In the neighborhood of a point such that ¢,a, and A are linearly independent, the
function B is a constant. Our next goal is to show that the local function B we have found is
a constant.

Lemma 5. Let (M?",g,J) be a Kéihler manifold of dimension 2n > 4. Suppose that in a neigh-
borhood U C M there exist at least two solutions (a;j, i) and (A;;, N;) of (3) such that a, A and
g are linearly independent at every point of U. Then the function B defined by equation (11) is a
constant.

The proofs for the cases dim M > 6 and dim M = 4 use different methods and will be given in
sections 2.4.1 and 2.4.2 respectively.

2.4.1. Proof of Lemma &, if dim M > 6. First of all, the function B is smooth. Indeed, the
trace-free version of (11) is

(36) Mg = oA - i = Blaig — 2Xgi5),

and the function B is smooth since it is the coefficient of the proportionality of the nowhere
vanishing tensor (a;; — 2Ag;;) and the tensor (A;; — 5=, ¥ - gi;). Since B is smooth, p is smooth
as well, as the coefficient of the proportionality of the nowhere vanishing tensor g;; and the tensor

(Xij — Baij).
Thus, all objects in the equation
(37) Aij = pgij + Baij

are smooth. We covariantly differentiate the equation and substitute a,; 1 using (10) to obtain

(38) Xijk = kGij + B rai; + Bagjr = [xgi; + Brai; + B - ‘,7;]] ()\i/gj’k + )‘j’gi’k)'

By definition of the curvature tensor,

(38)
(39) ARy = Aijk — Xikj = kG — pigik + Braij — Bjaint
+ BT (Negin + A gik) — B T (Nvgrrs + M ging) =
= WkGij — Kj9ik + B raij — B jaix + BAjgi — BArgij+
+ BT (2N g + Ay i) — BT T A giry

Let us now substitute A; ; in (12) by (37). The components with p disappear because of the
symmetries of g;; and the equation takes the following form:

(40) Ao Ry + aja Ry = BkZij (auirgjrk + @ Girke — arirgjn — akjr gir)
We contract this equation with A\!. Applying the identity amRJOfkﬁ/\B = af‘)\ngja we obtain

(41) af s Ry, + S As R = BTy (Nagagyn + N agjgin, — ar Ay = argrhir).

Now we substitute the left hand side using (39). After substituting (9) for jf;j, and tensor
manipulation, we obtain
(42)  grj(aipa — 2BA%aia) + gri(af .o — 2BA%aja )+
+ akj(a?B,a — Wi+ QB)\l) + aki(a;?‘B,a -+ QB)\j) =
= B japqa; + Byiakaa?
Set & = afp o — 2BA\%a;q and 1; 1= afB o — p; + 2BX;. Then
(43) §igrj + &5 gki + miak; + njar; = B jagaai + Biagaaf

Remark 5. For further use let us note that if B = const, i.e., if B; = 0, then the right hand side
of the last equation vanishes implying n; = 0. Then,

(44) i = 2B>\z
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Let us now alternate (43) with respect to (i,k), rename j «— k and add the result to (43).
After this manipulation only the terms that are symmetric with respect to (j, k) remain, and we
obtain

(45) §igjk + miajr = Biagaaf
If B; # 0, equation (45) implies that for certain functions C' and D
(46) Cygjk + Daji = araaj

Let us now calculate Vk(ama?‘):

(47) Vk(ama?) = aia,ka? + ajq ka5 =

5’ (46)
= \7;]] (/\i/aj/k —+ )‘j/ai/k —+ )\aaiofgj'k —+ )\aa?/gi/k) =

= Cigij + Dpai; + DT (Nvgin + Ny girk)
Setting s; := Aqaf, — DA;, we obtain
(48) \7iijj (Avajik + Njrapk + sigjrk + 8j9irk) — Corgirjr — D gairy =0
To simplify this equation consider the action of the operator jkk;j "on it. After applying the
properties of the complex structure, the equation takes the form

il 7t C 1% D k!
(49) Ti7 Noaj + sigin) — Ty’ (’2%' + 2’%") =0.
Alternating with respect to (i,k) and collecting the terms yields
(50)

il Di' Ci/ >y D 4 Ci/
75 Jo (e 50 ) (s G )] =t o (e B0 ) v (00 §7) | =0

After denoting

(51) Ti =8 + %’ 7i=J" T, 9ik = T gk

(52) vi= M\ + %7 U; = Ji/iui/, a;p = Jk/kaij

equation (50) reads

(53) (Tigjk — Tk9ij) — (Tigsk — Tr957) + (Viajr — vkaij) — (Via; — vgaj;) =0

Let us now contract this equation with a certain vector field &7. We obtain
(54) (Ti€k — &) — (Tilk — T&i) = (Vink — vimi) — (Bl — VkTli)
where f_l = Ji'ifl-/, n; = faijfj ang ;= Ji'ml-/.

If the vectors 7;, &, 7; and &; are linearly independent, this equation implies that the 4-
dimensional space (7, £) spanned over {7;,&;, 7, &; } coincides with (v, n) spanned over {v;,n;, U;, 7; }.
Indeed, these spaces are determined as the orthogonal complements to the kernels of the corre-
sponding 2-forms

Ker(r,¢) = {ui | (1:€ — T6&i) — (ﬂf_k - fkfi)ui:ck = 0 for every z*}
Ker(v,n) = {uz | (vime — viems) — (Dl — Dkﬁi)uixk = 0 for every z*}

Since by (54) the forms are equal, the subspaces are equal as well.
1 2 1 2 1 2

If dimM > 6, there exist two vectors & and ¢’ such that {7;,&;,&,7,&,&} are linearly
1 2
independent. Then I(7,¢) and I(7,£) intersect along the 2-dimensional subspace spanned by the

1 2 1 2
vectors {7;,7;}. The corresponding vectors 7 and 7 determine spaces I(v,7) and I(v,7) which
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intersect along the subspace spanned by the vectors {v;, 7;}). Since the 4-dimensional spaces are
pairwise equal, one obtains

(55) span{t;, T} = span{v;, v; }
Then, for certain functions p, ¢ we have
Ti =PV +qVi, T = Pl — QU
Let us now substitute this in (53). After collecting terms, we obtain
(56) vilp gy +a " ugmn + ag) = vi(pgsy + a7 igvs + ay) =
i g — a gk + T vaze) — k(0 I g0y — a.gi + T i),

Defining
(57) wik =P gk +q % g + ajk,
(58) wip =I5 g0 — agjn + J* Laj,

we can rewrite equation (56) in the form

(59) ViWjk — VkWys = Vi — UpWyz

This equation has the same structure as (53), but with a non-symmetric, hermitian bilinear
form wj;. One can easily see that it holds if and only if

(60) Wik = Vg + Jj/ij/k.Oéj/I/k-/

for some covector «;.
Substituting w in (57) and alternating the result, we obtain

2qu/kgjk/ = o — oy + J? ij/k(aijk/ —agvy).
Let us now consider this equation as an equality between two bilinear forms. The rank of the
right hand side is not greater then 4, while the left hand side is nondegenerate unless g # 0. Since
dim M > 6 we have ¢ = 0 and wj;, is symmetric by (57). Thus,

(61) wir = a(vjv, + leijlkz/j,yk/),

where « is a scalar function. It immediately follows that (after renaming of variables)

(62) Q;j = p(uiuj + Jl,iJj juifuj/) +qgi;-

where p, ¢ — are certain functions and w; is a covariant vector field.

We have shown that if in a neighborhood of some point there are two linearly independent
solutions of the extended system with non-constant B, then each solution has the special form (62).

Now we would like to show that the function g, corresponding to a solution a;; as was given in
equation (62), is a constant. In order to do this, take an arbitrary U’ € span{u’,u'}*. Contract-
ing (62) with U’ we see that

a;o U = qU;

Hence all vectors, orthogonal to u and @, correspond to the eigenvalue ¢ of ag» = giaaaj. Taking
the derivative of the equation above and inserting equation (3) yields

AUk + AUk — MUk — AU Jike + aiaU% = qxUs + qUs i
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Contracting this equation with U* gives
(63) 22Uy, — 20, UUy, = q U U,

Thus, q € span{Uy, Uy} unless U,U% = 0.

Given any vector U' € span{u,@}*, such that U,U® # 0, we can construct a second vector
W € span{u, i}t such that W,W? # 0 and span{U? U’} Nspan{W? W'} = {0}. In this case,
using equation (63) for U* and W, we obtain that g is a constant (because g € span{Uy, Uy} N
span{Wj, Wy} = {0}). It remains to show that such a vector U exists. Assuming each vector U’ €
span{u, @}t satisfies U,U® = 0, we obtain that U,W< = 0 for all U?, W? € span{u,a}*. Since
dim M > 6, this means that dimspan{u, 4} = dim ((span{u,})*)* > 4 which is a contradiction.

Using that ¢ is a constant, we can substract the trivial solution gg;; from a;; and include the
function p in the vector field u;. In other words, without loss of generality, a;; is given by

il j/
Qi = UU; + J z‘] Ui U

Note that u’ is an eigenvector of a;'» as well. If the corresponding eigenvalue is a constant, all

is constant, and the 1-form \; = (aF) ; is

eigenvalues of a® are constant. Hence, the trace of a’ 1

j j
identically zero. Inserting \; = 0 in equation (11), we see that

0 = pgij + Bagj
By Lemma 4, p = B = 0, since g;; and a;; are assumed to be linearly independent. We see
that in this case B = const as we claim.
Now consider the case when the eigenvalue corresponding to the eigenvector u? is not constant.
We obtain that span{\;, \;} = span{u;,@;}, since \; and ); are contained in the sum of the
eigenspaces, corresponding to the non-constant eigenvalues. Consider the second solution

— i’ g7
Aij = V;Vy + J 1J j’l)i/’l)j/

of the extended system, such that a;;, A;j;, g;; are linearly independent. By A;, we denote the
1-form corresponding to A;;. The sum

aij + Ay = uuy + Ji/iJj,jUi/Uj/ +vv; + Ji/iJj,ij-/vj/
is again a solution of equation (3) and hence, can be written as
ai; + Aij = wyw; + Ji/i,]jljwi/wj/ + Qgi;
Comparing the last two equations, we see that
Qg = usuj + Uty + vV + V;0; — Wiw; — WiWj.
Since span{\;, \;} = span{u;,@;},span{A;,A;} = span{v;,v;} and span{w;,w;} = span{)\; +

Ai, A + A;}, the right-hand side has rank at most 4 and therefore, Q = 0. Let us rewrite the last
equation in the form

’LUZ‘U)]‘ —+ ’lI),j’LZ)j = Uin —+ ﬂiﬂj —+ Uﬂ)j —+ ’L_)iﬁj
Since the left hand side has rank 2, u;, 4;, v; and U; are linearly dependent and the intersection
span{u;, 4; } Nspan{v;, T; } is non-empty. Since it is also J-invariant, we obtain that span{u;, 4;} =
span{v;,;}. Thus, v; = au; + [u;, for some real constants a, 8. It follows, that v; = au; — Su;
and we obtain

V;Vj + @i@j = (aui + ﬂﬂi)(auj + ﬁﬂ]) + (Oéﬂi — ﬁui)(aﬂj — 5’&]‘)
= (02 + 52)(’&in + ﬂiﬂj)
Inserting this in the original formulas for a;; and A;;, we see that a;; = const - 4;;. We obtain

a contradiction to the assumption that a;; and A;; are linearly independent. Lemma 5 is proved
under the assumption dim M > 6.
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2.4.2. Proof of Lemma 5 in case dim M = 4.

Lemma 6. Let (M?",g,J) be a Kihler manifold of dimension 2n = 4 and assume that the degree
of mobility of the metric g is > 3. Then g has constant holomorphic sectional curvature —4B,
where B is defined by equation (11). In particular, B is a constant.

Remark 6. As we see, Lemma 6 contains an extra statement: not only B = const, but also
the metric g has constant holomorphic sectional curvature. This result was actually unexpected.
Indeed, the analog of dimension 4 in the theory of projectively equivalent metrics is 2, and in
dimension 2 there exist metrics of non-constant sectional curvature admitting 4-parametric family
of projectively equivalent metrics.

Proof. We will work in a small neighborhood of the point p € M, such that there exist three
solutions g;;, a;; and A;; of equation (3), linearly independent at p.

Using equation (11), we substitute \; ; in equation (7) to obtain
(64) aia Ry + ajoRify = —4B(aia Kjy + aja Kiyy),
where K is the algebraic curvature tensor of constant holomorphic sectional curvature equal to 1,
namely

1
= 1(51’393‘1 =0 gk + I T — T Tk + 20 Tw).

Let us define the (1, 3)-tensor G;kl = R;’-kl + 4BK;kl. This new tensor has the same algebraic
symmetries as the Riemannian curvature tensor R (including the Bianci identity), in particular,
it commutes with the complex structure J:

(65) Giji = —Gjirt

(66) Giji = Griij » Gan ™5 = J* oGl
In addition, from equation (64) it follows, that G;kl satisfies

(67) @ia Gk + GGl =0

for each solution (a;j, A;) of equation (3), a;; # const - g;;.
Our goal is to show that G, = 0.

kl

For an arbitrary skew-symmetric (2,0)-tensor w™ consider the linear operator

Gw)s = G;klwkl.
Since g is hermitian, there exists a basis in 7, M such that the matrices of g and J are given by
1 -1
9= o J=
€ 1

where € = £1 depending on the signature of g. Fixing this basis, we will work in matrix notation.
Since g is non-trivial, it is important to note that letters J, a and G(w) correspond to matrices of
linear operators, i.e. (1,1)-tensors. By g we denote the matrix of the (0,2)-form g;;.

All matrices we are working with commute with the complex structure J. It is a well-known fact
(that can be checked by direct calculation) that matrices, commuting with the complex structure,
are “complex” in the sence that they have the form

-1

ar b oz P
=6 a1 =B ar
68
(68) as Pz s S
—0Bs a3 —f1 au
Using this form one can define the nondegenerate R-linear mapping v

(69) ¥ {Q € Mat(4,4,R) | QJ = JQ} — Mat(2,2,C)
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given by the formula

a1 B1 as [

d) —61 aq —52 (6) _ <<OZ1 +lﬂ1 (6] +152>)
a3 B3 as By az +ifs as+ify) )’
—B3 a3 —f1 oy

It is easy to check that ¥(Q1Q2) = ¥(Q1)¥(Q2) and Y(QT) = ¢(Q)T. Also ¥(J) =i-1 and
1 0

¥(g) = (0 5>'

To simplify the notation we will identify a matrix with its image under the mapping v, for
example a and 1(a) are identified, as well as g and ¥(g).

Since a;; is symmetric, it satisfies the equation

(70) ga = (ga)

Thus, there exist real numbers «, 6 and a complex number Z such that

(71) a= (% g) .

By assumptions there exist three solutions a;;, A;j, gi;; which are linearly independent at the
point. Then there exists a nontrivial (i.e., # ¢ - g at the point we are working in) solution such
that o« = 3 = 0. Without loss of generality we think that the solution a;; has @ = § = 0 and
Z #0,ie.

(72) o= (g g)

Consider now the restrictions that equations (65) and (67) impose on the complex form of G(w).
Since G(w);; is skew-symmetric
— T

9G(w) = = (9G(w)) -
Thus, G(w) has the form

i W
(73) 6w = (5 1b)
for certain real numbers «, § and a complex number W. The last condition we have to make use
of is
aG(w) = G(w)a
Since a is simple (moreover, has different eigenvalues) every matrix that commutes with a is a
polynomial of a. (Recall that the matrix a in our convention corresponds to the (1,1)-tensor af.)

Thus, G(w) = C-a+ D -1 for certain complex numbers C' and D. Using the explicit form of a
and G(w) (see (72) and (73)) we obtain

(74) (f%/ f;) =C (2 g) D (é (1))

which implies that both D = ia = i8 and C' = % = —(%) are purely imaginary. Finally we
obtain
(75) Gw)=i-cra+i-d-1

with real coefficients ¢, d. If we assume ¢ # 0, then G(w) has different eigenvalues. Thus, G(w)
is simple. Let us consider another solution A of equation (3). Since it commutes with the simple
matrix G(w) it is a polynomial of G(w):

(76) A=7Gw)+r1
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Subsituting the explicit form of A = <a_,4 ZA> we obtain
Za Ba
oaa LA\ i W 1 0
m (@ 2= )= G0)

which implies that 7 = it is purely imaginary and v is real. Therefore, equation (76) implies
that all solutions of (11) are contained in the 2-dimensional space itG(w) + v 1, which gives us
the contradiction. Then, ¢ = 0. Thus, from (75) we obtain that for every w the operator G(w) is
proportional to the complex structure: in the initial “real” notation, we obtain

(78) G(w)é =d(w)J' j

Since the left hand side is linear in w*!, it follows that d(w) = djw* and hence G;-klwkl =

dwFtJ? ; implying Giji = dgJij. Using the symmetry relations (65) for Gk we obtain dy;J;; =
d;jJi and therefore dy; = cJy; for some constant ¢ # 0. Let us show that Gy = cJijJk does
not satisfy the Bianci identity unless ¢ = 0. By direct computation we obtain

0 = Gi234 + Gra2s + Giaaz = c(J12J34 + J1ads2 + JigJa2) =¢(1-140-04+0-0) = c.

Thus, G, = 0.
Finally,

0= G’y = RSy +4BKS,,

i.e. our metric g has pointwise constant holomorphic curvature —4B (at almost every point, and
therefore at every point of M). Thus, M has constant holomorphic sectional curvature (see for
example [19, chapter 8]). Then B is a constant and Lemma 5 has been proved for dim M = 4.

O

2.5. Last step in the proof of Theorem 3. Above, we proved the following

Statement. Let (M?",g,J) be a connected Kdihler manifold of dimension 2n > 4. Assume
the degree of mobility D of g is > 3. Then, for every solution (a;j, A\;) such that a;; # const - g;;,
almost every point of M has a neighborhood such that in this neighborhood there exists an unique
constant B and a scalar function p such that the “extended” system (6) holds.

Indeed, the first equation of (6) is equation (3) and is fulfilled everywhere. The second equation
is fulfilled almost everywhere by the results of the previous sections. Now, as we noted in Remark 5,
at every open set such that the second equation is fulfilled, the third equation is fulfilled as well.

Remark 7. The above statement is visually close to Theorem 3, the only difference is that in The-
orem 3 the constant B and the function p are universal (i.e., do not depend on the neighborhood).
We will prove it in this section.

First let us prove

Lemma 7. Assume that in every point of an open subset U C M the extended system (6) holds

(for a certain constant B). Then, in this neighborhood, the function \ := iaﬁ satisfies Tanno‘s
equation
(79) Aijk = B2k - gij + Nigik + Njgik — Nidji — NjJik)-

Proof. If B is a constant, the function u is smooth as the coefficient of the proportionality of the
nonvanishing smooth tensor g;; and the smooth tensor (X\; ; — Ba;;).

We take the covariant derivative of the second equation of the “extended” system and substitute
the first and the third equations inside. We obtain

Nijk = Wk - Gij + Baij g = 2Bk - gij + B(Nigji + Nigir — Nk — AjJik)
= B2\ - gij + Nigjk + Njgir — j\iij - S\jJik).
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U

Aij = Hgij + Bai;

FIGURE 1. There exists ¢ on v, 5 such that A\; = 0 at g.

Now let us prove that the constant B is universal. It is sufficient to prove this in a neighborhood
W(q) of an arbitrary point g. Indeed, every continuous curve c : [tg,t1] — M?" lies in finite
number of such neighborhoods W. If the constants B for two such intersected neighborhoods
coincide, we have that the value of B at the point c(tg) equals the value of B at c(¢1). Since the
manifold is assumed to be connected, the constant B is therefore universal, i.e., is the same for all
neighborhoods.

Let W C M be a sufficiently small neighborhood. We assume that every two points p, p of the
neighborhood W can be connected by a unique geodesic lying in a slightly bigger neighborhood
W'D W.

We want to show that each two open sets contained in W such that they are as in the statement
above have the same constant B. Let U,U C W be nonempty open sets such that in these sets
the extended equations (6) are satisfied with constants B for U and B for U.

We assume B # B. We take a point p € U and connect this point with every point p € U by a
geodesic v 5 : [0,1] = W, v, 5(0) = p, vp,5(1) = p (see Fig. 1).

Let us show that ~, ; contains a point g such that A; = 0 at ¢. Indeed, contracting equation (79)
with g% we obtain

(80) AN =4B(n+ 1)\

If A\; # 0 at all points of the geodesic 7, 5, we can find a vector field ¢* in some neighborhood
U(p,5) of the geodesic v, 5 such that \;¢* # 0 at all points of this neighborhood U(,5). Then,
the function

AN pg"
A(nt1)AgEF
is well defined and smooth in U(7y, ;). Comparing (80) with (81), we see that in a neighborhood of
almost every point it is equal to the constant B in this neighborhood, so it is constant on U (7, 5).
Then, B = B which contradicts our assumption. Finally, there exists a point g of the geodesic
Yp.5 such that A; = 0 at q.

By Corollary 3, ); is a Killing vector field. Then, the function ;Yziuz?;‘i is constant on the geodesic
Yp.5- Since it vanishes at ¢, it vanishes at all other points of v, 5, in particular we have that at the
point p = 7, 5(0) the vector A’ is orthogonal to ")/;;’13(0).

The same is true for every geodesic connecting the point p with any other point of U. Then,
the vector A\ at p is orthogonal to many vectors (to all initial vectors of the geodesics starting
from p and containing at least one point of (~]), thus A; = 0 at p (see Fig. 2).

Replacing the point p by any other point of the neighborhood U, we obtain that A\; = 0 at all
points of U. By Corollary 4, A\; = 0 on the whole manifold. Substituting A; = 0 in the extended
system, and using that g;; is not proportional to a;;, we see that B = 0 (at almost all points of
manifold).

Thus, the constant B is universal on the whole connected manifolds. Theorem 3 is proved.
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FIGURE 2. A" at p is orthogonal to every 4/ 5, implying A’ = 0.

3. THE CASE B=0

By Corollary 7, we already now that the global constant B, arising in the extended system (6),
does not depend on the solutions (a;j, A;) of equation (3). In this section we want to investigate
the case when B = (0. Our goal is to prove the following

Theorem 4. Let (M?",g,J) be a closed connected Kihler manifold of dimension 2n > 4 and of
degree of mobility > 3. Suppose the constant B in the system (6) is zero, then A\; = 0 on the whole
M for each solution (ai;, \;) of equation (3).

In particular, every metric g, h-projectively equivalent to g, is already affinely equivalent to g.

Proof. If B = 0, then p = const by the third equation from (6), and the second equations reads
Ai,j = const - g;;. Then, the hessian A; ; of the function A := iaﬁ is covariantly constant.

Since the manifold is closed the function A has a minimum and a maximum. At a minimum,
the Hessian must be non-negatively definite, and at a maximum it must be nonpositively definite.
Therefore the Hessian is null, and \; is covariantly constant. But as it vanishes at the extremal
points, it vanishes everywhere. Thus, \; = 0 as we claim. By Remark 2, every metric g, h-

projectively equivalent to g, is already affine equivalent to g as we claim. O

4. Ir B # 0, THE METRIC —B - g IS POSITIVELY DEFINITE

Now let us treat the case when the constant B in the system (6) is different from zero. Let
(M?",g,.J) be a connected Kihler manifold of dimension 2n > 4. Let (a;;, i, 1) be a solution
of (6). Since B # 0, we can replace g by the metric —B-g (having the same Levi-Civita connection
with g).

Then, for every solution (a;;,A;, ;) of the system (6), the triple (—B - a;;,A;, —5pu) is the
solution of (6) corresponding to the metric ¢’ := —B - g with the constant B = —1. Indeed, the
Levi-Civita connections of g and ¢’ coincide, so substituting (—B-a;j, A;, —% u, —Bg, —1) instead of
(@ij, Ais 18, g, B) in the extended system gives the system which is equivalent to the initial extended
system.

Note that the mapping (a;j, A, 1) — (=B - a;j, As, —%,u) is linear and bijective, so the degrees
of mobility of g and —Bg are equal. Thus, if B # 0, in the proof of Theorem 1, without loss of
generality we can assume that B = —1.

The goal of this section is to prove the following

Theorem 5. Let (M?",g,J) be a closed connected Kdhler manifold of dimension 2n > 4. Suppose
(@ij, Ais 1b) satisfies
Qijk = \7iijj (Airgjre + Njrgirk)
(81) Nij = 1Gij — Qij,
B = =2\
and \; # 0 at least at one point. Then, the metric g is positively definite.
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Remark 8. The assumption that the manifold is closed is important — one can construct examples
of complete metrics of indefinite signature admitting nontrivial solutions (a;;, A, it).

We need the following

Lemma 8. Let (ai;, \i, pt) be a solution of the system (81) such that a;; =0, \; =0, p =10 at
some point p of the connected Kdhler manifold (M?", g, J).

Then a;; =0, A; =0, p =0 at all points of M. In particular, the degree of mobility is always
finite.

Proof. The system (81) is in the Frobenius form, i.e., the derivatives of the unknowns a;;, A\, 1
are expressed as (linear) functions of the unknowns:

Qijk Qij

)\i,j =F )\z s

i I
and all linear systems in the Frobenius form have the property that the vanishing of the solution
at one point implies the vanishing at all points. O

The rest of this section is dedicated to the proof of Theorem 5. Our first goal will be to show,
that it is possible to choose one solution of the system (81) (under the assumptions of Theorem 5)
such that the corresponding operator aé = ¢g'“aq; has a clear and simple structure of eigenspaces
and eigenvectors.

4.1. Matrix of the extended system. In order to find the special solution of (81) mentioned
above, we rewrite a solution (a;;, A;, 1) as a (1,1)-tensor on the (2n + 2)-dimensional manifold

M = R? x M with coordinates (Z4,2_,1,...,@2n). For every solution (a%, Aj, u) of the system
—_—— ————
R2 M
(81), let us consider the (2n 4 2) x (2n + 2)-matrix
12 0 %\1 N %\Qn
0 12 )\1 e )\Qn
(82) L(a,\, p) = AL
L a
)\Qn )\Qn

where \; = J ;\y. The matrix L(a, \, i) is a well-defined (1, 1)-tensor field on M (in the sense
that after a local coordinate change in M the components of the matrix L transform according to
tensor rules).

Remark 9. We consider the metric g;; as a solution of the system (81) with A\; = 0 and p = 1.
Thus

O =
= O
o O
o O

(83) L(g,0,1) =

o
[ en}
I
-

0 0
Remark 10. We see that the matrix L contains as much information as the triple (a;;, A;, i), s0
in a certain sense it is an alternative equivalent way to write down the triple. In the next section,
we will see that the matrix formalism does have advantages: we will show that the polynomials of
the matrix L also correspond to certain solutions of the extended system.

Let us also note that there is a visually similar construction in the theory of projectively equiv-
alent metrics, which uses cone manifolds, see [34, 35, 3]. However, in the case of h-projectively
equivalent metrics, the extended operator is not covariantly constant (as in the theory of projec-
tively equivalent metrics) which poses additional difficulties.
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4.2. Algebraic properties of L. A linear combination of two matrices of the form (82) is also
a matrix of this form, and corresponds to the linear combination of the solutions (with the same
coefficients). The next lemma shows that the k-th power of the matrix also corresponds to a
solution of the extended system.

Lemma 9. Let (a,\, 1) be a solution of (81). Then, for every k > 0 there exists a solution
(a,\, 1) such that
k 3~ k .
L¥(a, A\, ) = L(a, A\, i), where L =L - ...- L.
k times
Proof. Given two solutions (a, A, 1) and (A4,A, M) of (81), let us calculate the product of the
corresponding matrices L(a, A\, ) and L(A, A, M): by direct calculations we obtain
,LLM + )\kAk )\k]\k ,LLAl + )\kAk S ,LLAQn + >\kA2n
AL AR M+ N AR | pAy + M AY L pAg, + M AL
| MM alAR ML+ alAk

ap AY + NA; + NA;

M/\Qn + a%nAk M;\2n + a%n[xk
Suppose that

(85) ,LLAj + )\kA;c = M)\] + afAk and )\k]\k =0

then

(86) L(a, A\, p) - LA, A, M) = L(aj A} + XA+ N Ay, ph + N AY, pM + M\ AF)
aij Xs z

Now we show that the operator L(d, A, i) is self-adjoint and a, A and fi satisfy (81).
Indeed, let us check the first equation of (81):

(87)
ijk = (@isAS + Ny + Xilj) k= ais kA5 + af Agip + Xk Ay + Nilkje + iy + Nk (&)
= A3NiGsr + ANk + AN T (gorr + AINGTY gt
+afAjga + af Asgj + al Ay T gok + afjstj/jgj/k—F
+ uginN; — aig; + Mgjpi — AjpXi + uJi/igizkl_Y - Jil‘airkﬂ + MJj/jgj/k;j\‘ — Jj/.A-,,C;\- =

= i AS + 1A)) + gin(Asal + MA) + T7 igik (A AS + k) + 7 jgjlk(Aa + M) &

= ~7 (Nogyn + Ayrgirn)
For the second equation one can calculate:

(88) ik = (uhi + NAD) o = phi + i + Njw Al + N Ajjk &

= 20 At Mg — At A —aje AN Nigin A N A gt N I LT N gyt N T T A jrgan =

= (UM + N Aj)gi, — (s + MAy + Agjal) + )\jAjJZ iJik © [Gki — Qi

From this equation we see that a;; is symmetric as a linear combination of two symmetric tensors.
The last equation of (81) reads

(89) fii = (UM 4+ XA®) i = p M+ pM i + Mg AF +NFA =

D 9N\ M =2 AF (gin — i) X (Mgin—Ai) = —(uAi+ A AE) —(MA+Aab) & 23,

Thus, (@, A, 1) is a solution of (81).
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Let us now show that the operator L(A, A, M) = L¥(a, \, 1) satisfies the conditions (85).
Since L¥ - L = L - L*, using (84) we obtain

pAj + A AY = MX; + af Ay
The last condition will be checked by induction. Suppose A’A; = 0 then
NV Ry = N TV (s + A AS) = -0+ AR (T A )A =0
which completes the proof of Lemma 9. O
From Lemma 9, we immediately obtain

Corollary 8. Let (a;j, \i,t) be a solution of (81) and P(t) = cxt® + - + co be an arbitrary
polynomial with real coefficients. Then there exists a solution (A;j, Ay, M) of (81) such that

L(Aij, AZ,M) = C * Lk(aij, )\“/J,) + -+ 1:.= P(L(aij, )\i,u)),
where 1 is the identity (2n + 2) X (2n + 2)—matriz.

4.3. There exists a solution (d;;, \;, i) such that L(a;;,\;, 1) is a projector. We assume

that (M?2"2% g, .J) is a closed connected Kihler manifold. Our goal is to show that the existence

of a solution (a;j, A;, i) of (81) such that A; # 0 implies the existence of a solution (d;;, A, ft) of

(81) such that the matrix L(a;;, A;, t) is a non-trivial (i.e. # 0 and # 1) projector. (Recall that

a matrix L is a projector, if L? = L.). We need

Lemma 10. Let (M?",g,J) be a connected Kihler manifold and (a;;, \i, it) be a solution of (81).
Let P(t) be the minimal polynomial of L(a, A, u) at the point p € M. Then, P(t) is the minimal

polynomial of L(a, A\, 1) at every ¢ € M.

Convention. We will always assume that the leading coefficient of a minimal polynomial is 1.

Proof. As we have already proved, there exists a solution (@;;, A;, ) such that
P(L(a,\, 1)) = L(a, \, f1).
Since P(L(a, A, 1)) vanishes at the point p = (x4, x_,p), then a =0, A=0and i =0 at p. Then,

by Lemma 8, the solution (a;;, \;, ft) is identically zero on M. Thus, P(L(a, A, 1)) vanishes at all

points of M. It follows, that the polynomial P(¢) is divisible by the minimal polynomial Q(t) of
L(a, A\, 1) at ¢. By the same reasoning (interchanging p and §¢), we obtain that Q(¢) is divisible by
P(t). Consequently, P(t) = Q(t). O

Corollary 9. The eigenvalues of L(a, A, 1) are constant functions on M.

Proof. By Lemma 10, the minimal polynomial does not depend on the point of M. Then, the
roots of the minimal polynomial are also constant (i.e., do not depend on the point of M). O

In order to find the desired special solution of the system (81), we will use that M is closed.

Lemma 11. Suppose (M?*",g,J) is a closed connected Kihler manifold. Let (ai;j, \i,j1) be a

solution of (81) such that \; # 0 at least at one point. Then, at every point of M the matriz
L(a, A\, 1) has at least two different real eigenvalues.

Proof. Since M is closed, the function p admits its maximal and minimal values fimax and fimin-
Let p € M be a point where p = fimax. At this point, p; = 0 implying A; = A; = 0 in view of the
third equation of (81). Then, the matrix of L(a, A, ) at p has the form

Hmax 0 0O ... 0
0 Pmax |0 ... 0
(90) Laixw=| 0 0
. : ai
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Thus, pimax is an eigenvalue of L(a, A, 1) at p and, since the eigenvalues are constant, fima.. is
an eigenvalue of L(a, A, u) at every point of M. The same holds for pymin. Since A\; Z 0, p is not
constant implying fimax 7# fmin- Finally, L(a, A, u) has two different real eigenvalues fimax, tmin
at every point. O

Remark 11. For further use let us note that in the proof of Lemma 11 we have proved that if
w; =0 at a point p then pu(p) is an eigenvalue of L.

Finally, let us show that there is always a solution of (81) of the desired special kind:

Lemma 12. Suppose (M?",g,J) is a closed and connected Kihler manifold. For every solution
(@ij, Ai, ) of (81) such that \; is not identically zero on M, there exists a polynomial P(t) such
that P(L(a, A, 1)) is a non-trivial (i.e. it is neither 0 nor 1) projector.

Proof. We take a point p € M. By Lemma 11, L(a;;, \;, 1) has at least two real eigenvalues at
the point p. Then, by linear algebra, there exists a polynomial P such that P(L(a;;, \i, 1)) is a
nontrivial projector at the point p. Evidently, a matrix C is a nontrivial projector, if and only if
its minimal polynomial is ¢(¢ — 1) (multiplied by any nonzero constant). Since by Lemma 10 the
minimal polynomial of P(L(a;;, A\;, 1)) is the same at all points, the matrix P(L(a;j, A;, 1)) is a
projector at every point of M. O

Thus, (under the assumptions of Theorem 5), without loss of generality we can think that a
solution of the system (81) on a closed and connected Kéhler manifold M with degree of mobility
> 3 is chosen such that the corresponding L is a projector.

4.4. Structure of eigenspaces of aé—, if L(a, A\, 1) is a nontrivial projector. We assume
that L(a, A\, p) is a nontrivial projector. Then, it has precisely two eigenvalues: 1 and 0 and the
(2n + 2)-dimensional tangent space of M at every point & = (x4, x_,p) can be decomposed into
the sum of the corresponding eigenspaces

TsM = Ep(a (1) @ Epgau(0).

The dimensions of Ep 4, x,,)(1) and of Ep (4, (0) are even; we assume that the dimension of
Er(a (1) is 2k 4 2 and the dimension of Ep 4z ,)(0) is 2n — 2k.

By Lemma 11, fiyax and pmin are eigenvalues of L(a, A, ). Then, pmin = 0 < pu(2) < 1 = fimax
on M. In view of Remark 11, the only critical values of p are 1 and 0.

Lemma 13. Let (ai;, Ai, ) be a solution of (81) such that L(a, A, 1) is a non-trivial projector.
Then, the following statements hold:

(1) At the point p such that 0 < p < 1, a;- has the following structure of eigenvalues and
eigenspaces
(a) eigenvalue 1 with geometric multiplicity 2k;
(b) eigenvalue 0 with geometric multiplicity (2n — 2k — 2);
(c) eigenvalue (1 — p) with multiplicity 2.

(2) At the point p such that u =1, a; has the following structure of eigenvalues and eigenspaces:
(a) eigenvalue 1 with geometric multiplicity 2k;
(b) eigenvalue 0 with geometric multiplicity (2n — 2k);

(3) At the point p such that u =0, aé has the following structure of eigenvalues and eigenspaces:
(a) eigenvalue 1 with geometric multiplicity 2k + 2;
(b) eigenvalue 0 with geometric multiplicity (2n — 2k — 2).

Convention. We identify M with the set (0,0) x M C M. This identification allows us to
consider T, M as a linear subspace of T(o,0)xaM : the vector (vi,...,v,) € Ty M is identified with
(0, 0, Uty eeny ’Un) € T(070)><zM.
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Proof. For any vector v € E1 = Erq 5, (1) NTM we calculate

7 0 /_\1 ce 2\2" 0 )\]_Uj 0

0 ‘LL )\1 e )\gn O j\j’l)j 0

01)  Laipw=| A X C .
- a : ajo? :

A2n ;\211 ,U2n ,U2n

Thus, v = (v!,...v?") is an eigenvector of az- with eigenvalue 1. Moreover, it is orthogonal to
both A\* and A\*. Similarly, any v € Ey = Er (a2, (0)NT, M is an eigenvector of aé with eigenvalue 0
and it is orthogonal to A’ and \*. Note that the dimension of F; is at least dim Era(1)—2 = 2k,
and the dimension of Ey is at least dim E (4, ,,,)(0) — 2 = 2n — 2k — 2.

Thus, at every point x there are three pairwise orthogonal subspaces in T, M: FEi;, Ey and
span{\, \'}.

If 0 < p<1atz, \; #0 by Remark 11. Then, the dimension of E; ® Ey ® span{\’, A} is at
least 2n — 2k — 2 + 2k + 2 = 2n. Since E; ® Ey ® span{\’, \'} C T, M, the dimension of E; is
2n — 2k — 2 and the dimension of Ejy is 2k, and E; ® Ey ® span{\’, \'} = T, M.

Let us now show that A’ and A\’ are eigenvectors of aj» with the eigenvalue (1 — ). We multiply
the first basis vector (1,0,...,0) by the matrix L(a, \, u)? — L(a, \, i) (which is identically zero).
We obtain

: NN —
AN
(92) 0=(L(a, A\ p)> = Lia,\p) | 0 | = S
: pA" + al N — X
0

This gives us the necessary equation ajX = (1 — )",

Finally, we have that T, M is the direct sum F; ® Ey ®@span{\’, \'}; E; consists of eigenvectors
of a§ with eigenvalue 1 and has dimension 2n — 2k — 2, E; consists of eigenvectors of a§ with
eigenvalue 0 and has dimension 2k; span{\*, A\'} consists of eigenvectors of a; with eigenvalue
(1 — p) and has dimension 2, as we claimed in the first statement of the lemma.

The proof at the points z such that p(x) = 0 or p(x) = 1 is similar (and is easier), and will be
left to the reader. O

4.5. If there exists a solution (a, A, ) of the system (81) corresponding to a non-trivial
projector, the metric g is positively definite on M (assumed closed). Above we have
proved that, under the assumptions of Theorem 5, there always exists a solution (a;, i, 1) of
(81) such that the corresponding matrix L(a, A, 1) is a non-trivial projector, implying that the
eigenvalues and the dimension of eigenspaces of aé- is given by Lemma 13. Now we are ready to
prove that g is positively definite (as we claimed in Theorem 5).

Let us consider such a solution (a;j;, A;, ). We rewrite the second equation in (81) in the form

(93) Iij = 2055 — 244 Gij

Let p be a point where p takes its maximal value 1. As we have already shown, \?(p) = 0 and the
tangent space T, M is the direct sum of the eigenspaces of a;::

T,M = E1 ® Ey
Consider the restriction of (93) to Ey. Since the restriction of the bilinear form a;; to Ey is
identically zero, the restriction of (93) to Fy reads

il g, = =2 9ijlg, -
Now, p;; is the Hessian of p at the maximum point p. Then, it is non-positively definite.
Hence, the non-degenerate metric tensor g;; is positively definite on Fy at p. Let us now consider
the distribution of the orthogonal complement Fj-, which is well-defined, smooth and integrable
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on {z € M | u(x) > 0}. The restriction of the metric g to Ei- is non-degenerate at the points

of {x € M | pu(z) > 0}. Since at the point p Ei coincides with Ej, it is positively definite at p.

Hence, by continuity, it is positively definite at the connected component of {z € M | u(z) > 0}

containing p. Since every connected component of {x € M | u(x) > 0} has a point such that p = 1,

the restriction of the metric g to Ei is positively definite at all points of {x € M | u(z) > 0}.
Similarly, at a minimum point ¢ one can consider the restriction of (93) to Ej:

wijlg, =2 aijlg, =2 gijlg,

since %, = 0% . Then, g is positively definite on E at ¢. Considering the distribution Ey,
we obtain that the restriction of g to Ej is positively definite at {z € M | u(x) < 1}.

Evidently, the sets {z € M | p(z) < 1} and {x € M | p(z) > 0} have an nonempty intersection.
At every point x of the intersection, T,M = Ej + Eji-. Since the restriction of the metric to
Ey and to Ei is positively definite, the metric is positively definite as we claimed. Theorem 5 is

proved.

5. TANNO-THEOREM COMPLETES THE PROOF OF THEOREM 1

We assume that (M?2", g, J) is a closed connected Kéhler manifold of dimension 2n > 4 with
degree of mobility D > 3. Let g be a metric h-projectively equivalent to g. We consider the corre-
sponding solution (a;;, Ai, i) of the extended system. If the metric g is not affinely equivalent to g,
by Theorem 4 we obtain B # 0. As we explained in the beginning of Section 4, by multiplication
of the metric by a nonzero constant, we can achieve B = —1. Without loss of generality, we think
that B = —1. By Theorem 5, the metric g is Riemannian.

Now, by Lemma 7, the function A := %af satisfies the equation

(94) >\,ijk + (2)\,kgij + )\J'gjk + >\7jgik + (Jaijﬁj + JajJBi))\vaggk) =0,

moreover, by Remark 2, if g is not affinely equivalent to g, the function A is not a constant.

As we recalled in Section 1.8, this equation was considered in [50]. Tanno has proved, that
the existence of a non-constant solution of this equation on a closed connected Riemannian man-
ifold implies that the metric g has positive constant holomorphic sectional curvature equal to 4
(see [50, Theorem 10.5], and also Section 1.8). Then, (M?",g,J) can be covered by (CP(n),4 -
9FS, Jstandard) as we claimed. Theorem 1 is proved.

Remark 12. As we already mentioned in Section 1.9, in Sections 3, 4 we did not actually use the
assumption that the degree of mobility is > 3: we used the system (6) only. Thus, the following
statement holds:

Let (M?"2% g J) be a closed connected Kihler manifold. Assume there exists a solution
(aij, Nispt) of (6) such that \; # 0. Then, (M?*",g,J) can be finitely covered by (CP(n), const -
9FS, Jstandard) (for a certain const # 0).

6. PROOF OF THEOREM 2: EQUATION (5) IS EQUIVALENT TO SYSTEM (6)

In Lemma 7, we have shown that for a solution of the extended system (6) equation (5) is
fulfilled. We will now show that a nonconstant solution of (5) allows us to construct a solution
(@ij, Ais o) of the extended system (6) (with B = k and A\; = f; # 0) provided that the manifold
is closed.

Let f be a non-constant solution of equation (5) on a closed connected manifold M. Then,
k # 0. Indeed, we can proceed as in Section 3: if k = 0, then equation (5) reads f;;x = 0. Then,
the hessian f;; of the function f is covariantly constant. Since the manifold is closed, the function
f has a minimum and a maximum. At a minimum, the Hessian must be non-negatively definite,
and at a maximum it must be nonpositively definite. Therefore the Hessian is null, and f; is
covariantly constant. But as it vanishes at the extremal points, it vanishes everywhere. Thus,
f = const contradicting the assumptions.
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Consider the symmetric, hermitian tensor a;; defined by the following formula:

1
(95) aij = ;f,ij —2fgij

Let us check that (a;;, A\; = fi, u = 2k f) satisfies (6) with B = k. Indeed, covariantly differenti-
ating a;; = %f” — 2fg,; and substituting (5), we obtain

1 _ _
(96) aijk = Ef,ijk = 2fk9i5 =2 - 9i5 + [i9ik + 159k — Faidje — fdie — 2f k915 =
= f.igjk + [ 9k — Fidjr — [ Jins
which is the first equation of (6). The second equation of (6) is equivalent to (95), the third
equation is fulfilled by the construction. Since f is non-constant, A; = f; # 0. Now, as we proved

in Section 4, the metric —sgn(B) - g is positively definite. Finally, for positively definite metrics,
Theorem 2 was proved by Tanno in [50]. Theorem 2 is proved.
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