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Paul Finsler

*11. April 1894 in Heilbronn;
y29. April 1970 in Zsrich;

worked mostly in set theory,
foundation of mathematics and
number theory (and never in
di erential or nsler geometry);

mostly known for introduction of
nsler metrics in his thesis 1918.
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De nition of nsler metrics

Euclidean norm:

E:R"Iq Bofthe form

E(v) = i aijViVj;
where &;) is a positively def-

inite symmetric matrix

#
(Local) Riemannian metric:
943} B} Ro
of thé form '
g(x;v) = iij i (x)Vvivi;
where for every
(aj (x)) is a positively de nite

(Abstract) norm: B: R"! R
such that8v 2 R", 8 > 0

(@ B( v)=  B(v),
(b) B(u+v) B(u)+ B(v),
) B(v)=0() v=0

symmetric matrix

#

(LOCAL) FINSLER METRIC:
. n n 1
F: @} @} I R o such

X \

that for everyx

F(x;l{z}) :R"! Ris a
\

norm, i.e., satis es

(@), (b), ().

Formal De nition: Finsler metricist a continuous function
F:TM ! R such that for everyx 2 M the restrictionFjr v is a norm.
We say that the nsler metric ismoothif it is smooth onTM 0.



How to visualize nsler metrics

It is known (Minkowski) that the unite ball
determines the norm uniquely:

for a given convex body R R" such that0 2
int(K) there exists an unique norm B such that
K=fx2R"jB(x) 1g.

Thus, in order to describe a nsler metric it is There exists a uniaue

orm such that

su cient to describe unite balls at every tangent (the convex body)

is the unite ball

Space in this norm



Examples:
Riemannian metric: every unite ball is an ellipsoid symmetric w.r.t. 0.
%0 ¢
- &

Riemannian 2D metric: all unite balls are ellipsesl

Minkowski metric on R": F(x;v) = B(v) for a certain normB, i.e.,
the metric is invariant w.r.t. the standard translations &%".

Minkowski 2D metric

Arbitrary nsler metric on R*:

oy,
K ALY,

Finsler 2D metric: unite balls are convex; that's all

Further, we will consider only smooth nsler metrics { that means that
the balls are smooth and depend smoothlv on the point.



Popular game: to take a notion from the Riemannian
geometry and to try to generalize it to the nsler geome

Good example (Finsler{Caratieodory 1918): Length of a curve:On
a nsler manifold M; F), the length of a smooth curve : [a;b]! M is
de ned as

Zy

L(c) = F(c(t);c%t)) + F(c(t); cqt)) dt:

NI =

a

The nsler length

(1) does not depend on the parameterization of the curve (because
F(x; v)= F(x;v)for > 0).

(2) coincides with the Riemannian (or Euclidean) length for Riemannian
(resp. Euclidean) metrics.

(3) is an active object of investigation (there is a whole science about it)



Bad (!?) but still actively studied example

Riemannian curvature: there exist many generalizations of the Riemann
curvature tensor for nsler manifolds; all of them are very complicated,
none of them were used in other parts of mathematics or of sciences.

Remark. Cartan and Chern would probably disagree with me at this
point: they worked a lot to understand what nsler curvature could be
and gave two di erent de nitions.

' ;

(Picture from http://www.msri.org/  ; photo of Chern by George
Bergman)



Goal of today's lecture: conformal transformations

Def. Two nsler metrics F; and F, on one manifoldV are conformally
equivalent if for a certain function :M ! R, we have:
Fa(x;v) = Fa(x;v)  (X).

e @ Minkowski metric red
and a metric coni ormally
equivalent to it (green)
p—
@

Def. A dieomorphism :M ! M is aconformal transformation(of F),
if the pullback ofF is conformally equivalent té-; i.e., if for a certain
function :M ! R, we haveF( (x);dx (V)= F(x;v) (X).

Special cases:
I Isometries: 1.

I Homotheties: const

Conformal transformations (isometries, homotheties) of nsler mesris

a popular (and \good" in the above sence) object to study; in 1986 it
was a conference in Romania dedicated to conformal geometry of nsler
metrics



Examples and main Theorem

(i)

(ii)

(i)

If M ! M is an isometry for

F,and :M ! R.qis a function, o @ ‘
then is a conformal transformatiol ) ™)

of Fp := F. ' .

Let Fr, be a Minkowski metric orR". Then, the mapping

x 7! const x (for const6 0) is a conformal transformation.

Moreover, it is also a conformal transformation Bf:= Fr.
Moreover, if is an isometry ofF,, then is a conformal
transformation of every ;= Fr.

Let g be the standard (Riemannian) metric on the standard sphere
S". Then, the standard Mebius transformations @&" are conformal
transformations of every metri€ :=  g.

(In D2 Mebius transformations are fractional-linear transformati®

of S2=C))

Main Theorem. That's all: Let be a conformal transformation of
a connected (smooth) nsler manifoldM" 2;F). Then (M;F) and
are as in Example§, ii, iii) above.



Even in the Riemannian case, Main Theorem is nontriv

Corollary (proved before by Alekseevsky 1971, Schoen 1995,

(Lelong)-Ferrand 1996) Let be a conformal transformation of a

connectedRIEMANNIAN manifold M" 2;g). Then for a certain
:M ! R one of the following conditions holds

(a) is anisometry of g, or
(b) (M; 9)is (R, ga ),
(C) or (Sn, ground )

The story
This statement is known asonformal Lichnerowicz conjecture 1960
1970: Obata proved it under the assumption thit is closed.
1971: Alekseevsky proved it for all manifolds.
1974{1996: (Lelong)-Ferrand gave another proof using her theory of
quasiconformal mappings
1995: Schoen: New proof using completely new ideas
Remark. In the pseudo-Riemannian case, the analog of Main Theorem is
a open actively studied conjecture (Baum, Leistner, Leitner, Kahnel,
Melnick, Frances, ...)



Main trick and the plan of the proof

| reduce Main Theorem to its (Riemannian) Corollary which was proved
before:

1. Main Trick:  given a (smooth) nsler metric& we construct a
RIEMANNIAN metric onge such thatg = gF.

F Icanonically construct ~_ g
- F

Then, any conformal transformation df (homothety, isometry resp.) is
a conformal transformation (homothety, isometry, resp.) gf.
2. Plan. By Corollary, the exist two cases:

(a) conformal transformation is an isometry of a certain gg; then,
it is an isometry of F. (Case(i) of Main Theorem)

(b) for a certain the metric  gr is the standard metric oB" or R".
The conformal transformations a8" or R" are described, by
Liouville 1850 in dinn =2, and by S. Lie 1872 in dim 3.
Playing with this description, we obtain the result (Cas@$ and
(iii) of Main Theorem).



A standard object from convex geometry

Let V be aR vector space, and/ ist dual
space. For every convex body such that
02 int(K) we considelK V given by
K =f 2V j (kk<1forall k2Kg.

Well-known facts:

I K is a convex (compact) body,
LK) = 2K,

I K does not depend on the coordinate
system

If we have a xed Euclidean metric i, we
can identifyV and V , and dual body be:
comes the polar body




Construction of the Euclidean structure in every tangen

space (avereging construction)

For every convex bodi( V such that 02 int(K), let us now
construct an Euclidean structure i (later, the role ofV will play
TxM, and the role ofK the unite ball in the normF7 ). We take an
arbitrarydinear volyme form inV and put

9V) = oy '\K (v)2d (i.e., the function we integrate takes on
2K V thevalue (v)2.)
Evidently,

I g(v) is well-de ned:

I it does not depend on (because the only freedom is choosing
, multiplication by a constant, does not in uence the result),

I g( Vv)=7j jg(v) (i.e., g is homogeneous of degree 1)
bg(v)=00 v=0

I g%constructed byk®:= K is given byg®= g (because
( K) = 1K .

I g does not depend on the coordinate system



D)
™

Y
g given byg(v) := W « (V)2 is Euclidean

By Jordan { von Neumann 1935, a nonnegative functign V! R
such thatg( v)=j jg(v)and (g(v)=0 ( v =0)is an Euclidean
metric, if and only if the following \parallelogram condition" is flled:
g(v+ Lﬂz +g(v u?=2(g(v)? Jhg(u)z). Let us check:

W K R(v+ u)?d + Wlx) K (v u&d

= s + (v u)?d =[since is linear]=

Volfls ) K
R + (V)2 2 (v) (u+ (u?d
Vol (K )1K R ) 1 R >
Svwey k 2 (At Gy ok 20 (Wd
=2(g(v)?+ g(u)?) O

Remark 1. The construction is too easy to be new { our motivation
came from classical mechanics, and our construction is close to one of
the inertia ellipsoid(Poinsot, Binet, Legendre). In the convex geometry,
Milman et al 1990 had a similar construction in an Euclidean space

Remark 2. There exist other constructions with the necessary properties
{ for example in the initial paper M, Rademacher, Troyanov, Zeghib we
used another construction. The present construction is due to Ml
Troyanov, and even does not require the unite ball to be smooth and
even convex { we will see in applications why it is good



Thus, by a nsler metrickF, we canonically constructed a Euclidean
structure on every tangent space that smoothly depends on the point,
i.e., a Riemannian metrigr. This metric has the following property:

9 Fr= O

In particular,

I if is conformal transformation oF, it is a conformal
transformation ofgr

I if is a conformal transformation of, and is an isometry or
homothety ofgg, it is an isometry resp. homothety of
transformation ofF.



Proof of Main Theorem

Let is a conformal transformation of. Then, it is a conformal
transformation ofge. By the Riemannian version of Main
Theorem, the following cases are possible:

(Trivial case): is an isometry of a certain gg. Then, it is an
isometry of F.

(Case R™): After the multiplication F be an appropriate function,
Or is the standard Euclidean metric, andis a homothety ofgg.
(Case S"): After the multiplication F be an appropriate function,
O is the standard metric on the sphere, andis a nebius
transformation of the sphere.



(CaseR"): After the multiplication F be an appropriate functiongg is
the standard Euclidean metric, and the conformal transformations a

homothety ofgr
We consider two point®;

show that the unite ball irg is the parallel translatio ‘

of the unite ball inqg.

Let us rst assume for simplicity that the conformal
transformation is already a homothetx 7! C x

for a constant 1> C > 0

it is , where is an isometry; | will explain o ‘
the next slide that w.l.o.g.

g 2 R". Our goal is to

(we known that actuall

=1Id
We co%sider the points
P (P)=C p; (M= 2%p=cC?p,.., 0.
The unite ball of the push-forward* (F) of the met-
ric at the point ¥(p) are as on the picture; there-
fore, the unite ball of % ¥(F) at the point ¥(p) is

con'verge

| the parallel translation of the unite ball at the unite

ball at the pointp. But the unite ball of & *(F)
at X(p) is the unite ball ofF!

Sendingk ! 1 , we obtain that the unite ball at 0 = limy ~ ¥(p) is

the parallel translation of the unite ball gb. The same is true foqg.
Then, the unite ball atq is the parallel translation of the unite ball g



Why we can think that the conformal transformation is
homothety , and not the composition , where
2 O(n) is an isometry

Because the grou®(n) is compact. Hence, any sequence of the
form ; 2; 3;::; has a subsequence convergingltb

Thus, in the arguments on the previous slide we can take the

subsequenc& ! 1 suchthat( )< = ko kis
\almost" ¥, and the proof works.



(CaseS"): After the multiplication F be an appropriate functiongg is

the standard \round" (Riemannian) metric on the sphere

Conformal transformation oS" were described by J. Liouville 1850 in
dimn =2, and by S. Lie 1872. For the sphere, the analog of the picture
(a) for the conformal transformation (which are homotheties) Bf' is

the picture (b).

>(p)
#2(p)

Picture (b)

Picture (a)

One can generalize of the proof f&" to the caseS" (the principal
observation that sequence of the poings (p); 2(p);::: converges to a
xed point is also true on the sphere; the analysis is slightly more
complicated).



Facts: J. Liouville 1850, S. Lie 1872

Fact 1. Let be a conformal nonisometric orientation-preserving
transformation of the round sphereS{ g.ug )- Then, there exists a one
parameter subgroupR;+)  Conf(S; goug ) CONtaining .



Fakt 2. Any one-parametric subgroup oR(+)  Conf(S; giouna ) Which
is not a subgroup ofso(S; g.ug ) €an be constructed by one of the
following ways:

Way 1. (General case)

(i) One takes the sliding rotation —
t X! exptA)+ tv, whereA _

is a skew-symmetric matrix such
that the vectorv is its
eigenvector

(i) and then pullback this
transformation to the sphere witt
the help of stereographic
projection

Way 2. (Special case)

(i) One takes , Where is a
homothety on the plane and is
a rotation on the plane

(i) and then pullback this
transformation to the sphere wi
the help of stereographic
projection




A neighborhood of the pole on the sphere is as on the picture:

Special case General case

in the special case two points
of the sphere have such neigh-
borhood (south and north
pols), in the general case only
one




The proof for the special case
In the special case, we can repeat the repeat the proof for the case

(R 9a ):
; We obtain that the metric onS" f south poleg
q/ is conformally di eomorph to R"; Ominkowski ); the
@ conformal di eomorphism is the stereographic pro-
~ jection Ssp.

Similarly, (because there is no essential di erence
" between south and north pole) we obtain that the
metric on S" f north poleg is conformally equiv-
alent to (R"; Qminkewski ), the conformal di eomor-

phism is the stereographic projectidgp .
Then the superposmorSSP Swp is a conformal di eomorphism of the
metric F restricted toS" f south pole, north poleg.
From the school geometry we know that the :superposit'fbg;bl Swp is
the inversion
FERMERY (x50 %) = X+ :)f:1+xn2; o x12+:)f?+x§
Thus, in order to show that the nsler metrid is Riemannian, it is
su cient to show, that the push-forwardl F of a Minkowski metricF is
conformally equivalent to (another) Minkowski metric if and only ifei
are Riemannian, which is an easy exercise.




The proof for the general case
We have: the nsler metrid- is invariant with respect to .
The goal: to prove that the metric is conformally equivalent to

Oaveraged = Grouna - WWe consider the following two functions:
F(a; ) F(g; ).

M(q) := max 2TqS" 60 Go() min 2TqS" 60 g, ()"
M(gq)=0 ( F(q; ) is proportional to g(q)( ).

m(q) := E;?&ESB : wherev is the generator of the 1-parameter group of
the conformal transformations containing. Both functions are

invariant with respect to Let us rst show that the functionM is

zero at the point 0.
We will show that for every vectou at 0 we have

FO;u) — F(O;w) : :
" Go(@ ~ Go W)’ wherew is as on the picture. _
We take a pointp very close to O such that at this

point u is proportional tov with a positive coe -
~— cient. Such points exist in arbitrary small neighbor-
0 hood of 0. We have:

F(p;u) _ F(p;v) — m(p) m(p) is invari%nt W.r.t. m(O) —

= F(Osw).

9ip (1) 9p (V) 9oy (W) *
Replacingp by a sequence of the points converging to 0 (such that at
FO;u) — F(Ow)

these pointsu is proportional tov) we obtain that G0 (@ = 80w
implyingM(qg) = 0 implying F(O; )= g ():




We have:

P M=o,
I M is invariant w.r.t. and continuous,
% (p) I For every pointp the sequence

&2(p) p; (p); 2(p);:: converges to 0.
Then,M 0 implying the metricF is actually a Riemannian metric, ]



What to do next: possible applications in sciences

Finsler geometers always emphasis possible applications of nslerggnetri
in geometry { certain phenomena in sciences (for examples light
prolongation in cristalls or certain processes in organic cells) can be
described with the help of nsler metrics.

Unfortunately, the \stan-

dard" nsler methods ap-
peared to be too complicated
to be used.
Our proof suggests to us
the averaging construction t
replace the nsler metric by
a Riemannian, and then t
analyse it. Of cause, we loose
a lot of information, but get
an object which is easier to in
vestigate.
Note that we even do not re

Yo

Picture from Wikipedia common

O

Picture from Wikipedia common

Picture from chemistry.about.com

quire that the \unite ball" is
convex.




One more application in mathematics: Proof of Szabo's
theorem 1982

Def. A Finsler metric isBerwald if there exists a symmetric a ne
connection = ( }k) such that the parallel transport with respect to this
connection preserves the functidn. In this case, we call the connection

the associated connection

Example 1. Riemannian metrics are always Berwald. For them, the
associated connection coincides with the Levi-Civita connection.

Def. We say that the metric is essentially Berwald, if it Berwald but
not Riemannian

Example 2. Minkowski (nonriemannian) metric is essentially Berwald |
with the at associated connection

Theorem (Szabo 1982) The associated connection of an essentially
Berwald nsler metric is Levi-Civita connection of a certain Riemannian
metric. Moreover, the Riemannian metric is decomposable or symmetric
of rank 2.

The initial proof of Szabo is complicated. With the help of the
averaging metric the proof is trivial | see the next slide



Proof of Szabo's theorem

Let F be an essential Berwald nsler metric on

M. We consider the averaged Riemannian ZA <
metric ge. Letc:[ab]! M be asmooth >
curve and ¢ : T¢gM ! T¢p)M be the corre- '\j

sponding parallel transport with respect to the
L

O

associated connection of the Berwald metri
Itis a linear map preserving the nsler unite bal

Then, it preserves the averaged metde
implying it is the Levi-Civita connection of the metrig:.

Now consider all possible curves [a;b] ! M such that

c(@) = c(b) := p. For every such curve we have the endomorphism
c:iTpM ! TpM.

The set of such endomorphismshslonomy group of at the point p:
Hp = f c j c:[ab]! M is asmooth curve such that c(a) = c(b) := pg O(g(p)).

Hp preservesy andF(p; ) and therefore preserves the function

m( )= g(i’)’( J. I the function m is constant (onT,M), the metric F at
the pointp is const g, i.e., is Riemannian. If the functiofi is not

constant, the :I\Then, by the
classical result of Berger(1955){Simons(1962)




What to do next: possible applications in mathematics

We already have additional applications, now it is your tumtry



Homework for you

Prove (without using Main Theorem) the following statement:

Let (M;F) be a complete nsler manifold admitting a homothety
:M ! M. Then, the homothety is an isometry, or M R" and F is
the Minkowski metric.

The story behind:

I Riemannian case: well known at least since textbooks of
Lichnerowicz and Kobayashi{Nomizu 6GO0th).

I Finsler case: claimed by Heil and Laugwitz in 1974/75;

I Lovas und Szilasi (2009) claimed a aw in the proof of Heil and
Laugwitz and suggested a correct proof; the proof uses very
advanced nsler geometry and is complicated

With the help of averaging construction the proof is trivial | try!!!



