DIFFERENTIAL INVARIANTS FOR CUBIC INTEGRALS OF GEODESIC
FLOWS ON SURFACES

VLADIMIR S. MATVEEV AND VSEVOLOD V. SHEVCHISHIN

ABSTRACT. We construct differential invariants that vanish if and only if the geodesic flow
of a 2-dimensional metric admits an integral of 3rd degree in momenta with a given Birkhoff-
Kolokoltsov 3-codifferential.

1. INTRODUCTION

1.1. Definitions and results. Let S be a surface (i.e., 2-dimensional real manifold) equipped
with a Riemannian metric g given in local coordinates by g = ), i gijdz'da?. Since the metric
g allows us to identify the tangent and cotangent bundles of S, we have a scalar product
and a norm on every cotangent plane. The geodesic flow of the metric g is the Hamiltonian
system with the Hamiltonian H := $|p|* = 1
|.| is the norm induced by g.

We say that a function F' : TS — R is an integral of the geodesic flow of g cubic in
momenta (shortly: cubic integral for the metric g), if

g pipj, where p' = (p1, p2) are the momenta and

(1) in the local coordinates x := z!,y := 22 on the surface and the corresponding momenta
Pz, Dy, I is a homogeneous polynomial in the momenta of degree 3:

F(x,y; pe,py) = aol,y)p) + ar(z, y)pipy + as(z, y)pap;, + as(z, y)ps, (1.1)

(2) F is an integral of the geodesic flow of g, i.e., {H, F'} =0, where {-,-} is the canonical
Poisson bracket on 7™S.

Cubic integrals allow to construct different geometric structures on the surface; we shall
use the so called holomorphic Birkhoff-Kolokoltsov 3-codifferential. We consider the complex
structure on S given by ¢: a local complex coordinate z = z + iy is determined by the
property that the metric g has the isothermic form

g = Mz, y)(de? + dy*) = Nz, 2)dzdz. (1.2)

Then, the Birkhoff-Kolokoltsov 3-codifferential (corresponding to the cubic integral (1.1)) is
a complex-valued symmetric (3, 0)-tensor given by

A(z) = ((ao(@.y) = @zl ) + i (@i (0,y) —as(wy) )2 @ L@ 2 (13)

As it was shown by Birkhoff [Bi], the coefficient (ag — as) + i(a; — ag) is a holomorphic
function of the complex coordinate z = x + iy. Kolokoltsov observed in [Kol] that under a
holomorphic (< conformal) coordinate change this coefficient changes as the corresponding
coefficient of a complex (3,0)-tensor. Below in § 2.2 we shall prove both properties of A and
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give several useful formulas for A in arbitrary (not necessarily isothermic) coordinates, such
as how to compute A from F' and how to check the holomorphicity of A, see Lemma 5.1.
The goal of this article is to give an answer to the following question:

Given a metric g and a holomorphic 3-codifferential A, how to decide whether there
exists a cubic integral for the geodesic flow of g whose Birkhoff-Kolokoltsov 3-codif-
ferential coincides with A?

If such a cubic integral F' exists, we say that A is compatible with g.

A complete algorithmic answer is given in § 1.3 using Theorems 1.1, 1.2 and also Proposi-
tions 3.1, 4.2. Moreover, in the most interesting case, Theorems 1.1, 1.2 give an explicit
formula for the cubic integral.

1.2. Main theorems. In the formulas below we use Einstein’s summation convention, ie.,
we sum over repeating upper and lower indices. The notation a.;;, and so on means covariant
derivation(s) of a function (or a tensor) a, and a¥*) denotes the symmetrisation in indices
1,7, k.

Let # = z',y = 22 be arbitrary coordinates on the surface S. Given a metric g =
gijdx?dz? on S, let R:, be its Riemannian curvature, and set A(x,y) := y/det(g;;). Since

our considerations are local, we equip S with the orientation given by the metric volume

ijk

form w, = Adz A dy.

We denote by {f,h}, == + (gi gz g;‘ g_i) the Poisson bracket of functions f,h on S

with respect to w,. Further, the tensor J; := g™*wy; is the operator of rotation by 90°, it
defines the complex structure on S compatible with the metric g and the orientation, i.e.,
corresponds to the multiplication by i in the complex coordinate z = x + iy.

Define the following smooth functions ¢y, . .., ©3, which are invariant algebraic expressions
of the components of g and its derivatives:

e The Gauss curvature, which is the half of scalar curvature:
©g = R := %R;ikgjk; (1.4)

e Half-square of the gradient of ¢y = R, half-square of the gradient of the result:

o1 = | V|2 = 1g920 920, oy = LV |2 = 141021 001 (1.5)

e The Poisson bracket of g, o1 with respect to w,:

o2 i={eo oty =+ (3% - 0% ). (1.6)

Further, let A be a complex 3-codifferential on S given in some (not necessarily isothermic)
coordinates (!, 22) as symmetric (3,0)-tensor A% with complex components. Define A :=
R(A) to be its real part, or A* = T(A%* 4 Ai%) on the level of components where @
means complex conjugation. Then A = (A¥*) is a (usual) symmetric (3,0)-tensor with real
components. The formula for the imaginary part 3(A%*) is given in Section 5.

In addition to ¢y, ..., s, we define the functions Dy, ..., D3, Gy, Gs, 1-form K = K;da?,
and symmetric (3,0)-tensors BY* Fiik They all are certain invariant algebraic expressions
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in g, fl, and their derivatives.

Dy :=4 %(Aijk;ijk) = 4Aijk;ijk§ (1'7)
Dy :=g"(Dy)i(po)y — 4 A% (20);j - (po)ie: (1.8)
Dy :={Do, ¢1}g + {0, Di}g; (1.9)
Ds 3:gij(D1);i(901);j - 4Aijk;i (1) - (P1) (1.10)

All these functions have a clear geometric sense:

e [y is the triple divergence of 4 - A;

e g(Dy).i(¢o).; is the scalar product (VDy, Vipy) of gradients,

o AU (00).;(po)s is the evaluation of the quadratic form corresponding to symmetric
(2,0)-tensor (divA)7* := A%*; on the 1-form dyp, = dR;

e We obtain @3 from ¢, by the same formula as ¢, from g, similarly, we obtain D3 from
Dy and ¢; by the same formula as D; from Dy and .

Finally, define

S.S
[y

R i (¢ )
K= <P2det((90[1));'

Theorem 1.1. In the above notation, assume that the 3-codifferential A is holomorphic
and that ps in non-vanishing on S. Then there exists a cubic integral F' with the Birkhoff-
Kolokoltsov 3-codifferential A if and only if g and A satisfy the equations Go = 0, G3 = 0.

Moreover, such F is unique and in local coordinates (z', %) with the dual momenta (py, p2)
the integral F s given by

F(a' 2% p1,pa) i= F7M (!, 2®)pip;p;
where the symmetric (3,0)-tensor FY* is computed using the formulas (1.4)—(1.12).

Remarks. 1. Our definitions and formulas involve the orientation on the surface S, however,
the final result is, of course, independent of the orientation. More precisely, after reversing
the orientation every real expression (formula) either remains unchanged, or inverts the sign.

2. After appropriate “cosmetic” changes, Theorems 1.1, 1.2 remain valid also in the pseudo-
Riemannian case, see Proposition 6.2.

Let us now consider the degenerate case when ¢y = {R, 3|VR[?} vanishes identically. In
this case we set f := o, Dj := Dy

¢ = AR D} :=ADy —2R((A.R..);.). (1.13)

and define the *-versions ¢3, ¢35, G5, D3, D3, G5, K7, K5... of the previous expressions by the
replacing g, Do, @1, ... by ¢, D§, @7, ... in the formulas (1.6), (1.9), (1.10), (1.11), (1.12)
above, see also Section 4. Further, let D be that of two expressions D; := det Eifizz g?)
(non-#-versions!) for which (¢g).,: is non-vanishing (any of two if both (¢p).s, (go(:);y are
non-zero. )
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Theorem 1.2. Let g be a metric and A a holomorphic 3-codifferential. Assume that the
function gy = {R, 5|V R|2}, vanishes identically and the function @3 = {R, AgR}, is non-
vanishing.

Then g admits a cubic integral F with the Birkhoff-Kolokoltsov 3-codifferential A if and
only if g satisfies the PDEs G5, G5, and D. Moreover, such F' is unique and in local coordi-

nates (z', 2?) with the dual momenta (py,p2) the integral F is given by

F(z', 2% p1,po) := F7* (2", 2*)pip;p;

where the symmetric (3,0)-tensor FY* is computed by the x—version of the formula (1.12),
namely,

K? = %det<<¢g>§; DO) Bk = il gmcr gk A Bk (114)
Remark. The equations G}, G5 are (always) necessary conditions for compatibility of A
with g, but not sufficient in general. Nevertheless, if A is compatible with g and ¢} is non-
vanishing, then the formulas (1.14) are valid and give the correct value of the cubic integral
F', even in the case when s is also non-zero.

The only two cases which are not covered by Theorems 1.1, 1.2 are the case ¢y = const
(i.e., the metric has constant curvature) and the case ps = 0, 5 = 0. These cases are easier,

and will be solved in Propositions 3.1, 4.2.

1.3. Algorithm for checking the existence of cubic integrals. Let g be a metric on
a surface S and A a holomorphic 3-codifferential. Theorems 1.1, 1.2, classical results of
Darboux and Eisenhart which we recall in §1.5, and also Propositions 3.1, 4.2 give us the
following algorithm to decide whether there exists a cubic integral F' with the given Birkhoff-
Kolokoltsov 3-codifferential A. Moreover, in the most interesting cases covered by Theorems
1.1, 1.2 we obtain an explicit formula for F' as algebraic expression in g, A and their deriva-
tives. In other cases covered by Propositions 3.1, 4.2, the formula for F' requires a solution of
linear systems of ODEs. Corresponding calculations can be easily realized using computing

software such as Maple® or Mathematica®.



Input:
g and A

ﬂ

Calculate R = ¢yp. Yes Calculate Dy. Yes bl F' is given
Is it constant? Is Dy =07 by Proposition 3.1.
No For given g and A
F' does not exist.
e
Calculate s. No Calculate Gs, G3. Yes F is given
Is w9 =07 Are Go =0 =G3? by Theorem 1.1.
ﬂYes
Calculate Dy, D,. No For given g and A
b2 IsD,=0=D,? F does not exist.
ﬂYes
Calculate ¢3. No Calculate G5, G3. Yes F' is given
Is p5 =07 Are G5 = 0= G357 by Theorem 1.2.
[ X
g admits a Killing For given g and A
b3 vector field. F' does not exist.
Calculate Dy, D). No For given g and A

b4 IsD; =D, =07

ﬂYes

F' is given by
Proposition 4.2.

CUBIC INTEGRALS FOR GEODESIC FLOWS

%

F' does not exist.

For given g and A
F' does not exist.

Let us comment some boxes in the flowchart of the algorithm. Recall that A is compatible
with g if A is the Birkhoff-Kolokoltsov 3-codifferentials associated to some cubic integral F
of the metric g.

(b1) If R is constant, then every cubic integral is of the form F' = ¥, ;L;, with constants
a* € R where L;, i = 1,2, 3 are three linear (polynomial of degree 1) invariants which
are linearly independent. Thus the cubic integrals form a linear space of dimension 10,
see [Kr]. On the other hand, the space of holomorphic 3-codifferentials A has infinite
dimension. Proposition 3.1 shows that the equation Dy = 0 is necessary and sufficient
condition for compatibility of A with ¢ and, if it is fulfilled, the space of cubic integrals
depends on 3 real parameters. More precisely, the a generic cubic integral has the form
R(A) + bip; - H where b = (b') is a vector field with given values b(P) and rot b(P) at a
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given point P € S. The construction of the vector field b = (b%) reduces to solution of
certain linear systems of ODEs.

(b2) It is sufficient to calculate only one of the expressions D,,D,, namely one such the
corresponding 88%, 88—“; is not zero, see Theorem 1.2.

(b3) By a classical result of Darboux and Eisenhart (see discussion in §1.5) the vanishing
of both ¢ and ¢ is equivalent to the local existence of a Killing vector field which
we denote by £. The latter is equivalent to the existence of a linear integral which we
denote by L. Since Lie derivative of the curvature R along & must vanish, we have that
¢ is proportional to the Hamiltonian vector field of R, £ = f(z,vy) - Xg. Such f(z,y)
is unique up to a constant factor, and can be found from the PDE-system ff %,9=0
on the unknown function f. Note that the PDE-system .Z rx,0 =01 Frobenius and,
in view of conditions ¢y = 0 and ¢} = 0, is in involution, i.e., is essentially a system of
ODE.

(b4) The expressions D, D, and the part of the algorithm starting from the box (b3) is

treated in §4.2.

In the pseudo-Riemannian this algorithm basically works, however there exists an impor-
tant difference. Namely, the condition |[VR|? = 0 does not imply that R = const. As a
consequence we obtain a new special class of pseudo-Riemannian metrics whose counterpart
does not exists in the Riemannian case. They are not metrics of constant curvature, they
have v = 0 = ¢}, however, as we prove in Proposition 6.3, the metrics from this class admit
no cubic integrals, and therefore no Killing vector fields. We refer to Section 6 for further
details and description of an additional step in the algorithm.

We emphasise here that the algorithm works in any (not necessary isothermal) coordinate
system. In particular, Lemma 5.1 gives a way how to verify whether the data (g, A) have
sense, i.e., whether real (3,0)-tensor A= R(A) corresponds to the real part of a holomorphic
3-codifferential.

1.4. Motivation and history. The importance of polynomial integrals for studying the
geodesic flow was recognised long time ago. Indeed, it was Jacobi who had realised that the
geodesic flow on the ellipsoid admits an “extra” quadratic integral. This allowed Jacobi to
integrate the geodesic flow on the ellipsoid.

Polynomial integrals for the geodesic flow are interesting for physics and for differential
geometry. The interest from physics is due to the following observation (called the Mau-
pertuis principle, or coupling constant transform): for sufficiently large energy levels h the
restriction of the Hamiltonian system on 7*M with the Hamiltonian H := 1[p|> +V (where
%|1512 is again the kinetic energy corresponding to g, and V' : S — R is the potential) to
the energy surface {(x,p) € T*M | H(x,p) = h} has the same unparametrised orbits as
the geodesic flow of the metric g, := (h — V)g. Moreover, if the Hamiltonian system is
polynomially-integrable, then the geodesic flow is also polynomially-integrable. More pre-
cisely, if a function

F(z,y;ps, py) = aopy + a1pzpy + azpapy + asp, + cops + c1py (1.15)

~—
F3(z,y;pz,py) Fi(z,y;pz,py)

is an integral of the Hamiltonian system with the Hamiltonian 1|p]*> + V/, then the (homo-
geneous cubic in momenta) function

Fh = F3+Hh'F1 (116)
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is an integral for the Hamiltonian system with the Hamiltonian Hj, := 2(%_‘/)\}3'\2, ie., for
the geodesic flow of the metric g, := (h — V)g.

Note that the assumption that the integral (1.15) does not contain the terms Fy and Fj
of degree 0 and 2 in momenta is a natural one: by Whittaker [Wh], if a function of the
form Fy + F| + F5 + F3 is an integral for the Hamiltonian system with the Hamiltonian
H :=1[p]* + V, then F| + Fj is also an integral.

Metrics admitting integrals polynomial in velocities are also interesting for geometry, since
the existence of such integrals implies interesting geometric properties of the metric. More-
over, study of polynomial integrals helps to solve pure geometrical problems. For example,
the existence of the integral of degree 1 is equivalent to the existence of a Killing vector field,
and implies the existence of the coordinate system such that the component of the metric
does not depend on one of the coordinates [Da]. The existence of an integral of degree 2 is
equivalent to the existence of another metric having the same geodesic with the initial one
[Ma-Tol, Ma-To2]. The last observation was recently used [Br-Ma-Ma, Ma] in the solution
of two geometric problems explicitly formulated by Sophus Lie in 1882.

It is not clear whether the existence of the integral of degree 3 has such a clear geo-
metric meaning, but still, as we mentioned above, it allows one to construct a holomophic
3-codifferential with interesting properties, and, as it was shown in [Du-Ma-To|, a volume-
preserving vector field on the surface.

1.5. Previous results in this field. The most classical result in this direction is in folklore
attributed to Bonnet, and appeared in the books of Darboux [Da] and of Eisenhart [Ei].

Given a metric g = (g;j(x,y)) on a surface, let us consider the functions ¢, v1, ¥}, Y2, ¥}
from §1.1: g := R is the Gauss curvature, ¢ := %|VR|§ is half-square of the gradient of R,
i = AyR = Ay the metric Laplacian of R = ¢y, and @9 := {@0, @1}, ¢35 = {vo, @]} are
the Poisson brackets.

One can show (see Darboux [Da, §§688, 689] and Eisenhart [Ei, pp. 323-325]) that the
metric admits a nontrivial integral linear in momenta (locally, in a neighbourhood of almost
every point) if and only if the invariants ¢o, ¢} vanish.

Though Darboux and Eisenhart proved this result for Riemannian case only, their proof
can be generalised to the pseudo-Riemannian case with the following reformulation of the
assertion: if the equations @y = 0 and @5 = 0 are satisfied and %|VR|§ = 1 1S non-zero,
then g admits a nontrivial linear integral. We study the class of pseudo-Riemannian metrics
with the condition ]VR|3 = 0 in Section 6, and prove that they admit a linear integral iff
R = const.

We see that we have an algorithmic way to decide whether a given metric admits a linear
integral of degree: one need to calculate the invariants s, 5 which are algebraic expressions
in the components of the metric and their derivatives up to order 5, and compare them with
zZero.

It was a long standing problem to find a similar algorithmic way to decide whether a
given metric admits an integral quadratic in momenta. The first attempts are due to Roger
Liouville! [Li] and Koenigs [Koe]. They understood that the PDE-system for the coefficients
of the integral is linear and of finite type, implying that that there must exist an algorithmic

'Roger Liouville was a younger relative of the more famous Joseph Liouville and attended his lectures at
the Ecole Polytechnique
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way to decide whether a given metric admits an integral quadratic in momenta. Unfor-
tunately, the calculation were too complicated to be fulfilled in that time. An interesting
approach to this problem is due to Sulikovski [Su]: he invented a trick which allowed to
simplify the calculation. Finally, the problem was solved in recent independent works by
Kruglikov [Kr] and Bryant et al [Br-Du-Ea].

Geodesic flows admitting cubic integrals is a much more difficult subject than those ad-
mitting linear or quadratic integrals. Indeed, metric admitting linear and quadratic inte-
grals are completely described: the local description is done by classics [Da, §§540-596], see
[Bo-Ma-Pul, Bo-Ma-Pu2] for the discussion of the pseudo-Riemannian case, and the global
(= if the surface is closed) is due to Kolokoltsov [Kol] and Kiyohara [Kil], see the survey
[Bo-Ma-Fo|]. The metrics admitting linear integrals are parameterised by one function of
one variable, the metrics admitting quadratic integrals are parameterised by two functions
of one variable. No such description is known in the cubic case (though from general theory
of PDE it follows that locally, in the analytic formal category, the metrics admitting cubic
integrals are parametrised by 3 functions of one variable).

Though the complete description of metrics admitting cubic integrals is not known yet,
there exists a lot of local examples (the first local examples appeared already in Darboux
[Da, §619]). Some of most interesting examples come from physics, see the survey [Hi], or
are motivated by physics [Ha, Ye, Ve-Ts].

It appears to be difficult to construct metrics admitting cubic integrals on closed surfaces.
As it was shown by Kozlov [Koz] and Kolokoltsov [Kol], the surfaces of genus > 2 do not
admit (nontrivial) polynomial integrals; we repeat the argument of Kolokoltsov in the proof
of Corollary 2.1. Of course, the metrics admitting linear integral also admit cubic integrals,
since the cube of the linear integral is a cubic integral. Besides these half-trivial examples,
the list of known examples is very short: there is a series of explicit examples coming
from Goryachev case of rigid body motion and its generalisation, a series of recently found
examples due to [Du-Ma], and proof of the existence of other examples in [Ki2], [Se].

In particular, in all known examples the surface is the sphere (i.e., there is no known
example of metric on the torus admitting cubic integral and do not admitting linear integral,
moreover, Bolsinov et al conjectured [Bo-Ko-Fo] that such examples can not exist).

The construction of curvature-type invariants whose vanishing is equivalent to the exis-
tence of a cubic integral is discussed by Kruglikov in [Kr, §12]. In particular, he has shown
that the dimension of the space of cubic integrals is < 10, moreover, the metrics admit-
ting 10-dimensional space of cubic integrals have constant curvature. It was conjectured by
Kruglikov in [Kr| that the next largest value of the dimension of the space of cubic integrals
is 4 and that in this case g is Darboux superintegrable (the definition see in [K-K-M-W] or
in [Br-Ma-Ma, §2.2.4]). If the Kruglikov conjecture is true, [Kr, Theorem 2] gives curvature-
type invariants whose vanishing is equivalent to the existence of the 4-dimensional space of
cubic integrals.

In the present paper, we answer the question whether the pair (metric g, holomorphic 3-
codifferential A) is compatible in the sense there exists a cubic integral for g whose Birkhoff-
Kolokoltsov form is A. On the level on PDE, we reduce the number of unknown functions,
which of course make the problem easier. This is the reason that our answer (for cubic
integrals) is more simpler than the answers of [Kr| and [Br-Du-Ea| (for quadratic integrals).
From other side, the assumption that A is given is natural from the viewpoint of classical
mechanics. Indeed, all integrals F}, corresponding to different values of h (see §1.4) have the
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same holomorphic 3-codifferential A. Moreover, on closed surfaces, the space of holomorphic
3-codifferentials is finite-dimensional. That means that, in the investigation of cubic integrals
on closed surfaces, one can view our compatibility conditions as the conditions on the metric
only depending on finitely many parameters.

2. COMPLEX CALCULUS AND PROLONGATION-PROJECTION METHOD.

2.1. Homogeneous polynomial integrals. Let g be a metric on a surface S and let
H = %\p@, be a Hamiltonian given by the kinetic energy and let F'(z,p) be its integral which
is polynomial of degree < d in momenta. Then F(z,p) = Z;l:o F;(x,p) where each com-
ponent [} is homogeneous of degree j in momenta. Direct computation shows that each
Poisson bracket {H, F;} is homogeneous of degree j + 1 in momenta. The uniqueness of
the decomposition of a polynomial into homogeneous components implies that the Poisson
bracket { H, F'} vanishes if and only if each bracket {H, F;} vanishes. By this reason, consid-
ering polynomial integrals of purely kinetic Hamiltonians H = %|p|§ we can restrict ourselves
to homogeneous polynomial integrals F'.

2.2. Birkhoff-Kolokoltsov codifferential. Every metric g on a surface S admits locally
so-called isothermic coordinates (z,y) in which the metric has the form g = \(z, y)(dz?+dy?).
If we orient S by means of these coordinates, then the function z := x + iy will be a complex
coordinate for the induced complex structure on S, characterised by the following property:
The multiplication of z by i is the rotation of the chart (z,y) by 90°. The existence of
isothermic coordinates was discovered by B. Riemann. A detailed proof under very weak
assumption on the metric (e.g., g is merely continuous) can be found in [Beg].

In forthcoming calculus we use such a complex coordinate z and its conjugate Z instead
of real coordinates (x,y), since most formulas become simpler and more compact. The

corresponding dual coordinates are p := £(p, — ip,) and p := 1 (p, + ip,), the function H

2pp
PN

(“phase space”) is expressed as Wea, = dp A dz + dp A dZ.
Now assume that F' = F(z,z,p,p) is a (local) integral of H cubic in momenta. Then

is expressed as H = and the canonical symplectic form in the cotangent bundle T*S

F =R(a-p*+0b-p*p) where R denotes the real part of a complex expression and a = a(z, 2),
b = b(z, z) are some smooth (local) complez-valued functions on S. An explicit calculation
(see [Du-Ma-To]) yields:

{F,H} = ZR(p*az + p*p-(bAs + 3a. + Abz + Aaz) + p?p*-(2bA. + Ab.)), (2.1)
where (), and (+); denote the complex derivatives:
_1(of _ :of —1(of , ;of
f=(E-i%)  E=i(E+i)
Since the term p* - a; must vanish, we obtain immediately the following

Lemma 2.1. In the situation above, if F = R(a-p*>+b-p*p) is an integral, then the coefficient
a is a holomorphic.

Rewrite any function F(x!, 2%, p;, p2) cubic in momenta as a polynomial F' = Fkp,p.p; in
pi. Then, under change of coordinates, its coefficients F/* (2!, 22) transform as components
of a symmetric (3,0)-tensor. The same holds for the “a-component” of F: Under complex
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(< holomorphic) coordinate change z — 2’ it transforms as ¢’ = a - (%—ZZI)S. Indeed, the
momenta p and p are transformed as p = p/ %7 p=7p % implying

= + 0% = 0o (5)' 0" 0 (5)" % 0°7).
N——

a/

This means that A := a(z) (%)@)3 is a well-defined section of the bundle (795)®3 in-
dependent of the choice of a local holomorphic coordinate. By Lemma 2.1, the section is

holomorphic.

Definition 2.1. For any function F(x!',2?;p;,ps) cubic in momenta the complex tensor
A=a- (%)3 is called the Birkhoff-Kolokoltsov 3-codifferential associated with F'. We shall
usually denote by a = a(z,y) = a(z, 2z) its complex-valued coefficient (wrt. some complex

coordinate z), and denote by A := R(A) its real part. The latter is a symmetric (3,0)-tensor.

Since every non-vanishing holomorphic function f(z) in one variable has isolated zeroes,
the same is true for any holomorphic 3-codifferential. Notice that if a(z) is holomorphic
and non-vanishing, then locally near a given point p there exists the root {/a(z) which
is again a non-vanishing holomorphic function. It follows that making the change to the

new complex coordinate 2" given by 2/ 1= [ < dz( ) the component a(z) transforms into the
al\z

constant a’(z') = 1.

Another applications of holomorphicity of A are as follows:

Corollary 2.1 ([Kol]). i) No Riemannian metric on a closed oriented surface S of genus
g = 2 admits a global non-trivial polynomaial integral F'.

i) Let S be the 2-torus T?, g a metric, z a linear holomorphic coordinate, and F =
R(a-p*+b-p*p) a cubic integral. Then a is constant.

Proof. i) As is is shown in §2.1, we may assume that our invariant F' is homogeneous
of degree k. Evidently one can take F in the form F(z,z,p,p) = R(a - p*) + pp - B where
B(z, z,p, p) is homogeneous in momenta of degree k—2. An explicit computation shows that
similarly to the cubic case {H, F'} = %?R(ai - pF*) + pp - C for some function C(z, z, p, p)
which is homogeneous polynomial of degree £ — 1 in momenta. Thus a; must vanish which
means that a(z) is holomorphic as in the cubic case. Similarly to the cubic case, A := a- (%)k
is a well-defined holomorphic section of the bundle (719 8)®k.

The classical complex geometry (see e.g., [Gr-Ha]) says that for any non-zero meromorphic
section A of the bundle (7% 8)®* the difference n(A)—p(A) between the numbers of zeroes
and poles of A is k(2 — 2g). Since A is holomorphic in our case, there are no poles and
k(2 — 2g) must be non-negative. Consequently, in the case g > 2 A must vanish identically.
It hollows that %B = F - H ! is a global homogeneous integral for H of degree k — 2. Now
we can apply induction in k.

i) A local holomorphic coordinate on a torus 7% is linear if it comes from the standard
complex coordinate z on the complex plane C under some conformal isomorphism 7% = C/A
for some 2-lattice A C C. An equivalent condition is that % is a globally defined holomorphic
vector field. Such a field on a torus is non-vanishing, and therefore a is a globally defined
holomorphic function on a closed Riemann surface. Such a function must be constant by
Liouville’s theorem. U
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2.3. Prolongation-projection method. The “naive” idea behind this method is very sim-
ple. Suppose we have a system S = {&;}, of PDEs which is overdetermined, i.e., the number
of equations is bigger than the number of unknown functions. In our case, we have two equa-
tions on one unknown function. We prolong the system, i.e., we differentiate the equations
with respect to all variables (in our case, = and y) and add the results to the system S. In
other words, we consider the systems

SW = {&YU{LED} U{a%&} — first prolongation,

SO = &I ULZET U 2E UL Z:E U326 U{2z&}  — second prolongation,
and so on. Obviously, the operation “prolongation” does not change the set of sufficiently
smooth solutions of the system. Indeed, every (sufficiently smooth) solution of § is also
a solution of the prolonged systems. From the other side, every solution of the prolonged
system is evidently a solution of S, because § is a part of the prolonged system.

If the system is overdetermined, then generically the number of new equations grows faster
than the number of derivatives of the unknown functions. Then, in the generic case, after
say [ prolongations one can resolve the prolonged system S® with respect to the highest
derivatives. In this case, the system & is called the systems of finite type. In our case, the
system is indeed of finite type, and the number of needed prolongations is [ = 1.

After this point, we can start the prolongation-projection procedure. The key observation
here is as follows: The successive prolongation St can be still resolved with respect to
the highest derivatives, the number of the equations in S¢*!) will be generically greater
than the number of highest derivatives, and with the help of algebraic manipulations we
can obtain new equations of lower degree. This algebraic manipulation — expressing of
higher derivatives via lower ones using part of equations and substituting these expression
in remaining equations — is called projection procedure. We can repeat the prolongation-
projection many times (clearly, is sufficient to differentiate only newly obtained equations).

In the generic case, after finite number of prolongation-projections, we obtain a system in
which the number of algebraically independent equations is greater than the number of partial
derivatives of unknown functions (we consider the unknown functions as partial derivatives
of order 0). Such an algebraic system is inconsistent. In this case the initial system S has
no solution. It may also happen that certain prolongation S, considered as a system of
algebraic equations on the derivatives of the unknown functions, is algebraically inconsistent,
even if the number of algebraically independent is less than the number of partial derivatives.

Thus, the existence of a solution of an overdetermined system S of finite type implies that
after certain number of prolongations and prolongation-projections we come to the point
where prolongation-projections do not produce essentially new equations. The latter means
that the equations we obtain are algebraic corollaries of the equations we already have.
Moreover, the system of algebraic equations on the partial derivatives of unknown functions
is consistent. In this case, the system is called involutive, or in involution. One can show that
(under certain additional assumptions which are fulfilled in our case) involutive systems can
be solved locally. Moreover, one can find all solutions with the help of solving of certain
ODEs and of algebraic operations.

As we noted above, a generic overdetermined system of finite type is inconsistent and
can not be put to be in involution by prolongation-projections. One obtains a system in
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involution after certain number of prolongations and prolongation-projections, if the coeffi-
cients of the initial system satisfies certain partial differential equations (called integrability
conditions). These PDE on the coefficients are equivalent to two conditions:

(1) we obtain no new equations after certain prolongation-projection.

(2) All systems we obtain by prolongations and prolongation-projections, considered as
algebraic systems on the partial derivatives of the unknown functions, are algebraic
consistent.

In our paper, we find explicitly all integrability conditions for the system that corresponds
that g and A are compatible: they are Gs, Gs, G5,G3, D,, D, Dy from Theorems 1.1, 1.2 and
Propositions 3.1, 4.2.

The prolongation-projection method is a very powerful method for finding solutions of
overdetermined systems of PDE of finite type. Moreover, in our case the initial system of
PDE is an inhomogeneous linear system, implying that standard difficulties due to impossi-
bility of solving explicitly systems of algebraic equations do not appear, so the method can be
applied algorithmically. Actually, the only difficulty in applying the prolongation-projection
method for linear overdetermined systems of PDE of finite type is the calculational one.
In many cases, even modern computer algebra programs are not powerful enough for using
prolongation-projection.

We overcome this difficulty with the help of “advanced complex calculus” introduced in
§2.4: roughly speaking, this calculus is a collection of quite nontrivial tricks that allows us to
‘hide’ the covariant derivatives of the objects, and, therefore, makes all formulas very com-
pact, so we could do prolongation-projections “by hands”, without using computer algebra.
Moreover, all differential equations on the coefficient of the metric and of the Birkhoff-
Kolokoltsov form are automatically expressed in the invariant form, so one can calculate
them in an arbitrary coordinate system.

Notation. Applying the prolongation-projection method we use the following terminology.
Let &€ be a (differential) equation or expression and & = {&;} a system (ie., a set) of such
equation. Then & is an algebraic consequence of S if it can be deduced from S by means of
algebraic manipulations, and a differential consequence if £ is an algebraic consequence of £
and partial derivatives of equations from S. In this paper we work with linear PDEs and
make linear-algebraic manipulation with equations. In particular, we have linear-algebraic
consequences of linear systems of equations, and differential consequences can be obtained
applying linear differential operators.

Remark. The name “prolongation-projection” is natural in the context of jet bundle geom-
etry, we recommend the textbook [Kr-Ly-Vi] as a source. Equivalent approach is called Car-
tan, or Cartan-Kahler theory, we recommend the textbooks [B-C-G-G-G, Iv-La] for more
details. The system of PDE we consider in our paper is easier than the generic systems
treated in [Kr-Ly-Vi, B-C-G-G-G, Iv-La| (because they are linear and of finite type), that’s
why we can achieve our goals without going too far into the geometric theory of PDE. Ac-
tually, our intention is to make the paper understandable for a standard mathematician

working in mathematical physics; that’s why we avoided the terminology of the geometric
theory of PDE.
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2.4. Advanced complex calculus. Our next goal is to develop certain calculus which will
allow us to simplify computation and express results and formulas in more compact form.

Let (S, g) be a Riemannian surface with a fixed orientation and z = x+ iy a local complex
coordinate. Let T*S® be the complexified cotangent bundle, its sections are complex 1-forms
on S. Then sections dz = dz + idy and dz = dx — idy form a local frame of T*S®. Consider
the decomposition 7S¢ = Q198 ¢ QO S in which the summands are generated by the
forms dz and respectively dz. The formula for transformations of the forms dz and dz under
holomorphic coordinate changes shows that the decomposition 7%S¢ = Q0§ @ QO S ig
independent of the choice of a local complex coordinate. A similar decomposition 7S¢ =
TU0S @ TOS for the complexified tangent bundle is obtained using local vector fields
5= 5(ge —igp) and = 3 (& + i)

We refer to [Gr-Ha, For] for basic properties of these decompositions. Main properties of

the bundles 7005, T7OD S QU105 QOIS which we shall use are as follows:
(1) The bundles Q9S are QONS are complexr dual line bundles to TS and TS,
respectively.

Using this fact, we define complex line bundles 74S and QP4 S with integer p, q setting
TiPag .= (TUOS8)* @ (TONS)® qldg .= (Q1O8)* g (QODS)™.

These bundles should be not confused with bundles of tensors of type (p, ¢) used in differential
geometry, and with bundles of (p, ¢)-forms used in complex analysis and geometry. In order
to emphasise the difference, we use brackets [p, ¢] instead of parentheses (p, q).

(1’) From the definition and property (1) we obtain immediately
QPdg — Tl=r-dg  and TPd g & TlP'4g — plotratd]g,

The bundle 7109 = Q9 is trivial and its sections are usual complex-valued functions.

(2) The bundle (7T*5)®" @C (respectively (T'S)(®* @ C) splits into the sum of line bundles
each isomorphic to some QP4S (respectively TP4S) with p,¢ > 0 and p +q = k. A
similar splitting holds for a general complex tensor bundle (7'S)®*) @ (T*5)®) @ C.
The components of (7%5)®*) @ C can be indexed by the order of factors Q10§ QO g
in the product.

Notice that the subbundle of symmetric tensors of (T*S)®¥) ® C is isomorphic to
the sum @';ZOQ[P”“_I’]S . so that each QP*~P1S appears exactly once. In the special case
k = 2 the power (7%5)®? @ C has as summands one bundle Q% one bundle Q%2
and two bundles Q198 ® Q0D S QODS & Q198 each isomorphic to Q1.

Moreover, for positive i < min(p, k), j < min(g,[), the natural isomorphism

TPdg @ Qklg =, pl—ia-ilg g Qk-il-ig (2.2)

coincide with the (i+7)-fold index contraction in the space of symmetric complex-valued
(p + q, k + 1)-tensors.
If z=2+ iy is a local complex coordinate on S, then

dz ® dz = (dz® + dy?) + i(dr @ dy — dy ® dx) = (d2® + dy?) + idx A dy

and dz ® dz = (dx?® + dy?) — idx A dy. Thus the symmetric part of the sum Q108 ®
QD SHQOD SO0 S is spanned by dzedz := 1(dz®@dz+dz®dz) = dz*+dy* and its
antisymmetric part spanned by dz A dz = 2idz N\ dy. This gives another decomposition
of sum Q19S5 @ QODS @ QODS ® Q198 into two bundles each isomorphic to Q1.
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The anti-symmetric part is the bundle A%2S ® C of complex 2-forms on S and the power
(T*5)®%) @ C splits into the sum of Q% Q%2 and Q-1

In what follows we shall use only symmetric tensors. Thus the product dzdz will
be understood as the symmetric one. This corresponds to the embedding of Q1 into
TS ®T*S ® C with symmetric image.

The complex conjugation in the bundles (7'S)® and (7S)® induces conjugacy bundle
homomorphisms o : TS — TODS and ¢ : QL0 — QODS with 02 = Id.

This ¢ extends to conjugacy homomorphisms o : TP4S — TS and ¢ : QP4 S —
QlarlS for any pair of integers p, ¢. In the case T10% = Q%% = C conjugacy ¢ coincides
with usual complex conjugation. We use the notation @ for the complex conjugate of
any section a.

If 2z =2+ iy is a local complex coordinate on S as above, then dzP dz? is a local
trivialisation of QP48 and its complex conjugate is dz? dzP.

In the special case p = ¢ = 1 we obtain that dzdz = da?® + dy? is real. Further, the
local expression of the metric in the local coordinates z,y is g = A(dz? + dy?). So we
can consider g as a global section of QM.

The metric volume form w = Adx A dy is the real section of the bundle A%2S ® C of

complex 2-forms on S. Moreover, under natural isomorphisms Q1S =5 A28 ® C the
metric form g = \(dz? + dy?) is mapped onto the volume form w = Adx A dy. The
difference between Q1S and A%2S ® C lies in that how these bundles are embedded in
T™*S®T*S ®C.
Let V be the metric covariant derivative on S. Then it can be applied to any section
a of any bundle QP4S (or TP4S) and the result lies in the product QP4S @ (T*9)¢
(or respectively T4 S © (T*S)C) which is the sum QP48 @ QPG (respectively
TP=1tdg g TlPa=1) - We denote by V1 and V(@D the component of Va lying in
Q148 and QPITUS respectively. In “dual” notation, VB9 and VD act from
TWPadS to TP~14 S and TP~ respectively.

Explicit calculation show that in coordinates z = x + iy with g = A\(dz? + dy?) one
has

VOO (fdzpdzt) =(L f — p2X f)dzr+1dze

VOD(fdrd=?) = (3 f - a5 f)derdzrt!

In particular, V10 g = V10 g = 0, VO coincides with % for sections of holomor-
phic bundles TP S, QPS50 that such a section « is holomorphic iff V-9 ¢q = 0.
The operators V19 and VO of complex and anti-complex covariant differentiation
do not compute. We have

(VOGN - vONy) fazrdz = LL . R g fdzrdz (2.3)
where R is the Gauss curvature of the metric g. The formula is deduced as follows.
First, one computes the formula directly for the case f = 1. Then using Leibniz rule
one shows that (VOVOD — vODGE0)) i5 not a differential operator but a bundle
homomorphism, and hence the formula holds for arbitrary f.
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(7) To simplify notation, we denote the complex and anti-complex covariant differentiations
V39 and VO by (-)., and (+).z, respectively. Iterated differentiations are denoted like
(+).z2. and so on, the order of symbols z/z coincides with the order of corresponding
differentiations. In particular, the formula (2.3) now reads

(fdz"dz7)... — (fd#dz)... =L~ L. R.g. fdzrdz;
| | 2 (2.4)

(JRO) .. = (F0200),., = TS 2 R g oL

(8) We shall use the formula
f;zh;é - f;Eh;Z - %g{fa h}g (25)

for the Poisson bracket of functions f and h on S with respect to the metric symplectic
form w, = Adz A dy = %)\dz A dZz. Its calculation is as follows:

f;zh;Z - f;zh;z = % dzdz = iM)\dzdi = %g{fa h}g'

2 1. Xdzndz

(9) Sections of bundles Q%S especially holomorphic ones, are called k-differentials. For
this reason we call sections of bundles 798 k-codifferentials.

Let us now recalculate the Poisson bracket {F, H}. Recall that we consider the functions
F on T*S which are polynomial in momenta. In local coordinates z, z, p, p, such a function
is a polynomial in p,p whose coefficients are smooth functions on S. With every such
polynomial ijzo fi;p'D’ we associate a section of the bundle sum @ijo T8 using the

rule p — %, D % and extending it in the obvious way on polynomials. Let us denote this

map by T : F +— T(F). In particular, T(H) = 3¢ .
Lemma 2.2. T{F,H}) =T(H) - V(T(F)).

Proof. Let us observe that since both sides satisfy the Leibniz rule in F' and commute with
complex conjugation, it is sufficient to check the formula in the case F' = p. The rest
follows. O

In view of the lemma, we can replace the functions on 7%S polynomial in momenta by
their T-images which are finite sums of sections of TS, In our special case first integrals
cubic in momenta correspond to sums 1(A+ A+ B + B) = R(A + B) where A is a section
of TBYS and B is a section of T1S. The equation R(VA 4+ VB) = 0 takes values in
the sum @%__,T?779S, and homogeneous components of the equation are: VYA = 0,
VIO ALVOD B = 0, the complex conjugates of these two equations, and R(VI0B) = 0. As
we have seen above, the equation V(®Y A = 0 on a section of TS means its holomorphicity.

2.5. Component B and the principle equation. Let us now consider the last equation
R(VEOB) = 0. The tensor B is a section of TS so ¢° - B is section of the bundle
Q1S Hence g% - B has the form g2 - B = 3(x,y) - dz for some complex function 3(x,y) =
B1(z,y)+ i-02(x, y) with real and imaginary components (31, 5. By property (5) on page 14,

*VEOB = V0 (g?B) = %2 dzdz.
Since dzdz is real, the equation R(V1?) B) = 0 is equivalent to

9 e] 9
R(E) =P+ 92 =0
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This equation can be seen as the closedness of the 1-form —fydx + $1dy. Hence the equation
R(VIOB) = 0 is equivalent to a local existence of some real function K(x,7) such that

0 = %—5 and [ = —%—f. The latter two conditions can be rewritten as a single complex
equation = —Qi%—g, or equivalently

B=—-2ig *K.. (2.6)
The latter equation is identical with the equations (2.7), (2.8) in [Du-Ma-To|.

Substituting (2.6) in the remaining equation V9 A+ V1 B = 0, we obtain the following
necessary and sufficient condition:

Lemma 2.3. Given a metric g and a holomorphic 3-codifferential A on a surface S, A is
compatible with g a if and only if the equation

E.: K. =-—1g%A. (2.7)

2

has a smooth real-valued solution K, and in this case F = R(A+ B) with B = —2ig *K ;
1s a cubic integral with the Birkhoff-Kolokoltsov tensor A.

We call (2.7) the principle equation.

3. PROOF OF THEOREM 1.1.

3.1. Calculation of further equations. We apply the prolongation-projection method to
the equation (2.7) considering the function K as an unknown function and g, A (and their
derivatives) as known parameters. The equations obtained by prolongation-projection pro-
cedure are called deduced. Instead of considering the real and imaginary parts of equations,
we shall mostly use complex equations and their complex conjugates. In particular, the
complex conjugate to (2.7) is

K. = %92[1;2 (3.1)
Differentiating (2.7) and (3.1) with respect to z and Zz (first prolongation), we obtain the
following 4 equations:

K;zzz = ég2A;2z K;ZZZ = 59214;22 K;Eiz = _59214;22 K;222 = _59214;22 (32)

This gives us the expression of all partial derivatives of K of order 3 via lower order deriv-
atives, which are “hidden” due to the covariant form of the equations and do not appear
explicitly. In particular, the system (€., E;) has finite type.
Differentiating once more (second prolongation), we obtain 6 equations of order 4: 3 as
order-2 derivatives of (2.7) and 3 more as derivatives of its complex conjugates:
K;zzzz - %.9214;222 K;zzzZ - %gQA;ZzE K;zzZZ - %QQA;zzz (3 3)
K;ZZZZ = _%QQA;ZZZ K;ZZZE = _%gQA;ZZE K;ZZEE = _ig2A‘z22 .
Since there are 5 partial derivatives of K of order 4, at this prolongation-projection step we
can obtain one new equation.
Comparing QP4-types of expressions in (3.3) we see that the desired equation should be
the difference of equations K..zz = $9°A;zzz and Kz, = —3¢0%A,...:

(K§2252 - K;—??ZZ) - %92<A;222 + A;zzz) (34)
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Computing the difference K.,z — K.zz,. we use the formula for commutator of covariant
derivatives, see property (6) on page 14. This gives
K;zz22 - K;zzzz -
(K;zzzz - K;zzzz)l + (K;zzzz - K;zzz,z)Q + (K;zzzz - K;zzzz)S + (K;Zzéz - K;EZzz)4 =
((%RQK;z>;2)1 - ((%RQKz);z)él = %(K;ZR;Z - K;ZR;Z)'

Here we use (2.3) which shows that the differences (...)s and (...); vanish and gives the
formulas above for the differences (...); and (...);. So using (2.5) we can write down the
first deduced equation (new equation in the terminology of §2.3).

(K, R} = 4R(A....) = Dy (3.5)
where we denote the right hand side by Dy =: 4R(A....) = 2A.... + 2121;555.

Remark. We see that the first deduced equation does not contain second derivatives of K.
This is not a coincidence but follows from the condition that the higher coefficient in the
(2.7) is constant, see [Kr-Ly] for details.

At this point we can solve the problem of existence of cubic integrals with a given Birkhoff-
Kolokoltsov tensor A for metrics with constant curvature.

Proposition 3.1. Let g be a metric metric on a surface S of constant curvature and A a
holomorphic 3-codifferential. Then A is compatible with g if and only if A satisfy the PDE
Dy = 0.

Moreover, for a given point P € S there exists a unique cubic integral of the form F =
R(A) + 2H - bip; with a vector field b := b'd,: having prescribed values b(P) = 7 € TpS and

—

rotb(P) = w € R at the point P.

Proof. Let (z',2?) be any given coordinate system on S. The formula (5.7) gives the co-
variant tensor form of the principle equation (2.7). Denote by &;; the components of this
tensor form. Let S be the system consisting of equations &;; and their 1st order deriva-
tives &;j;.,. Introduce new variables K; = K;(z!, 2?), K;; = K;; (x', 2?), substitute the latter
into equations &;; instead of the corresponding derivatives K,;;, and denote the obtained
inhomogeneous linear-algebraic equations by &;;(K). Consider the system S(K) consisting
of equations &;;(K), their partial derivatives &;(K),;, the equations (K;),; = K;; and the
consistency equations Ko = Koy and (K;;).x = (Kj),;. Then the systems S and S(K) are
equivalent: the inverse substitution of K;, K;; instead of K;, K;; transforms S(K) into &
(turning consistency equations into identities). Moreover, both system are involutive simul-
taneously.

Now, since the system S(K) consists of 1st order linear PDEs and is involutive, it admits a
local solution by the classical Frobenius theorem (see eg. [Iv-La], § 1.9). Moreover, for every
P € § and every values K;(P), K,;;(P) satisfying algebraic equations &;(K) at the point
P there exists a local solution (K;(z),K;;(x)). For this K-solution there exists a function
K (z), unique up to adding a constant, which satisfies the relations K,; = K;, K,;; = K;;.

To calculate the number of parameters, we use linear-algebraic equations &;;(K) and ex-
press the functions Ko = Ky and Koy via Ky, Ky, and Ky;. Substituting these formulas
in the remaining PDEs, we reduce the number of unknown functions to three. Let S'(K) be
the obtained system. Notice that some of the substitutions above mean the application of
prolongation-projection procedure, for example, substitution of the formulas 0;K;; = Fij
in equation (K;;)., = (Ki;).;. However, the involutivity of S(K) implies that every equation
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in §'(K) is still a linear-algebraic consequence of the system S(K). In turn, this implies
the involutivity of the system S'(K): Indeed, every differential consequence of §'(K) is a
differential consequence of S(K), and hence is a linear-algebraic consequence.

By the construction, the system S(K) is linear-algebraic equivalent to a system containing
the equations of the form 0,K; = F;;, ;K = Fijr. where F;;, F;ji, are linear inhomogeneous
expressions in K;, K;;. It follows that the system S’'(K) is also linear-algebraic equivalent to
a system consisting of the equations of the form O;K; = F;, 0;Ky, = Fj;; where Fj;, F/};
are as above linear inhomogeneous in K;, K;;, and we may assume that the system S’(K)
is of this form.

Now the generic solution of the system S'(K) is constructed as follows: Given a point
P and values K;(P),Kio(P), K (P) at P, we fix local coordinates z := x! and y := 22,
integrate the ODE system (0,K; = Fy;, 0,K11 = Fi11 along some interval on the z-axis, and
then integrate the ODE systems (0,K; = F;, 0, K11 = Fa1;1 along every interval parallel to
y-axis.

It remains to show that the prescribed values as in the assertion of the proposition can
be used to parametrised a general solution. Indeed, as such parameters we can use the
values of the 1st order derivatives of K and the Laplacian A K (instead of K1, at a given
point P € S. Now recall that by §2.5, b’ and K are related as K; = w;;b’ so that b is the
Hamiltonian vector field on S of the (Hamiltonian) function K (with respect to the form
wy). Consequently, bis the skew-gradient of K and the Laplacian AyK is the rotor rot b. O

3.2. Proof of Theorem 1.1. Let us now turn to the (most interesting) general case when
R is non-constant. Write the equation (3.5) as K, R; — K:R., = %gDO. Differentiating it
in z and z we obtain two more equations of order 2 in K:

K;zzR;Z + K;zR;Zz - K;EzR;z - K;ZR;zz - %g(D())z

; 3.6
K;ZZR;E + K;zR;Ei - K;EER;Z - K;ZR;ZZ = ég(DO)E ( )

Together with (2.7) and its conjugate we now have 4 equations of second order on K. So we
expect to obtain at this step one new equation of order 1 on K. It is obtained as follows:
Add equations (3.6) with coefficients Rz and R,.:

K;ZZR;ZR;Z + K;ZR;ZZR;Z - K;ZR;ZZR;Z_I'
K;zR;ZER;z - K;ZER;ZR;z - K;ZR;zER;Z - %g'(DO);zR;E + %g'<DO);2R;z
Rearranging it, we obtain

K;Z<R;ZR;5);2 - K;Z(R;ZR;E);Z - %9'(D0) Rz + %g'(DO) R+ KzReRe — KRR

The expression R..R;: equals 1g|VR|?. Let us denote 5|VR|? by ¢;. So the left hand side of
the latter equation is ng{K, ¢1}. On the right hand side we have %g((Do);zR;; + (DO);ER;Z)
which equals 1¢*(VDy, VR). In the last two terms we use (2.7). So finally we obtain the
equation

{K, 01} = (VDy, VR) —4AR(A.. - (R..)*) =: Dy, (3.7)
in which we denoted the right hand side by D;.

From this points we can produce many equations, each of the form {K, ¢} = D where
@ and D are real functions which are certain differential expressions involving the metric g
and the tensor A.,. In fact, we have two such “dummy” procedures:



CUBIC INTEGRALS FOR GEODESIC FLOWS 19

The first one is the formal repetition of the deduction (3.5)==(3.7) and uses the fact that
the explicit expressions for R and Dy were not involved. So from any equation { K, ¢} = D we
can obtain a new equation {K,¢'} = D' with ¢’ := 1|Vp|? and D' := (VD, V) —4R(A,.42).

The second procedure is based on the Jacobi identity for Poisson brackets: starting with
any two equations of the form {K, ¢’} = D’ and {K, ¢"} = D", we obtain

{K A9, "} = {{K, ¢} " = {H{EK 9"} @' = {D', "} = {D", ¢'} (3.8)

and we can set ¢ = {¢’, ¢"} and D" :={D',¢"} —{D", ¢'}.

Let us notice that both procedures are application of prolongation-projection Method: In
the first case we differentiate the equation { K, p} = D in z and Z, add the equation (2.7) and
its complex conjugate, and make linear-algebraic manipulations on the system of 4 equations
excluding second order derivatives of K. In the second case we differentiate both equations
{K,¢'} = D" and {K, "} = D" and then make the same linear-algebraic manipulations on
the system of 4 equations.

To unify the notation, we set

wo = R, 1= %|V<P0|2, w2 = {vo, 1}, ¥3 = %|V§01|27
Dy :=4R(A....), Dy :=(VDq, Vo) — 4R(A. - ((¢0);2)?), (3.9)
Dy :={Do, o1} —{D1, ¢o}, Dy == (VDy, Vi) —4R(A - ((¢1)2)?)-

Thus the equation {K, po} = Dy is obtained from {K, o} = Dy and {K,¢1} = D; using
Jacobi identity, and the equation {K,¢3} = D; from {K, ¢} = D; using (3.5) and its
complex conjugate.

[t appears that the system consisting of 4 equations &: {K,p;} = D;, i = 0,...,3 is
involutive and differentially equivalent to the original equation &£,. We state a more general
property which will be used also in the proof of Theorem 1.2.

Lemma 3.1. (a) Let the coefficients of the equations &' = {K,¢'} —D', &" ={K, "} - D",
and E" = {K,¢"} — D" are related as " = {¢', ¢"} and D" :={D', "} —{D",¢'}. Then
the equation E" is a linear-algebraic consequence of the equations &, &, €7, ELL.

(b) Let the coefficients of the equations &' = {K,¢} — D and & = {K,p*} — D* are
related as ©* := 5|V¢'|* and D* := (VD' V') — 4R(A.(¢,)%). Then the equation £ is a

linear-algebraic consequence of the equations &, !, and the equations

(I) &, and its conjugate E-.

(c) Under hypotheses of parts (a) and (b) assume additionally that {¢,¢"} = ¢" is non-
vanishing at a generic point. Let also the equation ET = {K, o'} — D' be defined by ! =
51V and DT := (VD" , V") =4 R(A..(¢L,)?). Then the equations (I) are linear-algebraic
consequences of the following set of equations:

(I1) equations E",E*, ET;

(IIT) the first order derivatives &!,, &I, E, EN.

Recall that “linear-algebraic consequence” means that new equations appear as linear
combinations of old ones with coefficients which are rational functions of coefficients of the
old equations.
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Proof. Clearly, parts (a) and (b) are simply a restating of the “dummy” procedures intro-
duced above.

(c) Rewrite the equation £ and £" in the form K¢, — Kz¢!, = 2igD" and K. ¢!, — Kz¢!, =
2igD". Then the determinant of the linear system is ¢l " — ¢y = —2ig - {¢', "},

D" 7§0// )

st
e

D/ A .
and the solution is given by the formulas K; = F; with F; = W . det< SO””).

Differentiating the formulas, we conclude that there exists a unique solutions of the equations
(IIT), considered as a system of linear equations on K ,i,;, and this solution is given by
K izi = (F;)as. In particular, (F).2 = (F,).1. Notice that each (F;),; has the form
% for some PDOs .7?27 which are polynomial in ', ", D', D" and their derivatives. This
shows the fact that the determinant of the matrix of leading coefficients of the system (III)
equals {¢, " }? (up to sign). Indeed, the solutions K ,i,; = (F;).,i can be obtained by means
of linear-algebraic manipulations with equations (IIT).

The key point in the proof is that we can obtain the equations (II) substituting the
expressions K ,i,; = (F;).s in the equations (I). This is also linear-algebraic manipulations

with equations. The assertion (c) claims that this operation is invertible, which is true. [

Define the expressions G; using the following Jacobi-like expressions:

Go = {1, 02} - D3+ {2, 03} - D1 + {3, 01} - Da,
G1 = {po, p2} - D3+ {2,903} - Do + {3, 00} - D2,
Go = {wo, 1} - D3+ {p1, 93} - Do + {3, 0} - D1,
Gz = {wo, 1} - D2+ {p1, 92} - Do + {2, 00} - D1

Up to normalisation, the expressions G; are the (3 x 3)-minors of the extended matrix of the

coefficients of the equations &, ..., & with i-th row excluded. In particular,
. (¢0):= (¥0);z Do . (0)= (w0)z Do
Go = pdet| (p1);: (p1)z Di and  Gs:=g.det| (p1)i. (p1)iz Di
(¢3)i2 (@3);z Ds (p2)z (p2)z D2

Every expression G; is a PDE on the metric ¢ and the 3-codifferential A.

Corollary 3.1. Assume that ¢y is n on-vanishing. Then the system S = (&, &) is in-
volutive if and only if the integrability condition Gz = 0 is fulfilled. A solution K of this
system satisfies the equation K.zz = —%g2A;Z if and only if the integrability condition Gy = 0
15 fulfilled.

At this point we can give the proof of Theorem 1.1.

Proposition 3.2. Let g = \(z, y)(dx*+dy?) be a metric and A a holomorphic 3-codifferential
such that the differential expression ps = {@o, 1} is non-vanishing.

Then g admits a cubic integral of the form F = R(A + bp*p) if and only if \ satisfies the
covariant PDEs Gs,Gy. Moreover, in this case the complex valued function b = by + iby is
given by the formulas by = X2y, by = —A\72KC; with

K : det<D0 _%)i#)' (3.10)

- {9007901} .
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Proof. By Lemma 2.3 from §2.5, the existence of a cubic integral F' of the form above is
equivalent to the existence of a solution K of the principle equation K z; = —%gZA;z, and in
this case F' = R(A + B) with B := bp*p = —2ig 2K ; is the desired cubic integral.

As we have shown above, equations &y, &; are differential consequences of the real and
imaginary parts of £,. So by Corollary 3.1, equations Gy = 0,G3; = 0 are necessary and
sufficient conditions for solvability of £,. The formulas (3.10) give simply the solution of a

linear system (&, &1). O
Let us observe that under condition of non-vanishing of all brackets {;, ¢;} any two of
the equations Gy, ..., Gs are linear-algebraic consequence of remaining two.

4. METRICS WITH {R, |[VR|?}, =0 AND PROOF OF THEOREM 1.2.

In this section we consider the degenerate case when the function ¢, introduced in (1.6)
vanishes identically. This will be a general assumption in this section unless the opposite is
stated explicitly. In this case we additionally suppose that the Gauss curvature R = ¢ is
non-degenerate, ie., the gradient of R is non-vanishing.

4.1. Proof of Theorem 1.2. Recall that the condition ¢ = 0 means that the Gauss
curvature R and the square of its gradient |V R|? are functionally dependent, |V R|* = f(R)
for some function f(r) of one variable. Notice that the function 3 = $|Viy|? is also
functionally dependent, since

IV = 5IV(R)]? = (f(R)? 3| VRI* = (f'(R))*f(R).

As in the non-degenerate case, we want to apply the prolongation-projection method. Our
starting system of equations is again Sy := {&,,E;}. Let us analyse the “forking point” in
the procedure. Since we assume non-vanishing of VR, there will be no divergence in results
until Corollary 3.1. At this point the degenerate case ¢s = 0 differs from the non-degenerate
one in two aspects.

The first one is that we must replace & by another equation. We shall find such an equation
in a moment. The second aspect is that in the case ¢y = 0 the result of the projection
procedure is slightly different as before. Namely, now the system (&, &;) is degenerate at
every point since the left hand sides of the equations, { K, po} and { K, @1}, are Lie derivatives
of K along proportional vector fields. Since the equation & still must be satisfied, we obtain
a new differential condition on g and A: the right hand sides of &y, £&; must be proportional
with the same coefficient as the left ones. Clearly, this condition is simply the application of
the projection procedure to the system (&, &;).

The resulting equation reads:

D. = (¢0);-D1 — (1),2Do = 0. (4.1)
Notice that even if this is formally a complex-valued equation and so two real ones, the real
and imaginary parts are equivalent under the condition ¢y = 0. This means that the system

of conditions {y9,D,} contains only two independent conditions.
In a more explicit form the equation D, reads:

D.=R.- (VDy, VR) — R -4 R(A,; - (R;z)Q) — Dy - <%|VR|2);Z‘

Another possible form for this condition is the differential 1-form

deo Do\ _ e
det <dg01 D1) = D.dz + D:dz = D,ydx + D,dy,
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where Dz, D,, D, are defined in the obvious way. One can use any of the equation D,,D,
instead of D, provided the corresponding derivative %;L? is non-vanishing.

Now we seek for the substitute for the equation &;. Since our previous step was the
projection, the next one is the prolongation of the equations. Let & be the system of
equations obtained so far. Those are &,, & and their derivatives up to order 2, the equation
&o and its derivative (&)).,, and the equations ¢y and D,.

As the next step we are going to add to S the second order derivatives (&).i,i. Here we
make the following easy observation. It follows from Lemma 3.1 and the above consideration
that the equations (&), is a linear-algebraic combination of the equations from S of order
< 2 in K and the condition D,. Similarly, (&).. can be obtained as a linear algebraic
combination of the condition D, and the equations from S of order < 2 in K, in which (&),
is replaced by (&),,. Thus replacing (&).. by (&), we obtain a system equivalent to S
provided D, = 0.

Consequently, under condition D, = 0 the derivative (&), is a linear algebraic com-
bination of the same equations and its derivatives in y. In particular, (&), is a linear
algebraic combination of equations from S and the equation (&y).,,. Interchanging = and
y we conclude that (&))... is also a linear algebraic combination of equations from S and
the equation (&).sy. In fact, each of the equations (&).,i,s is linear-algebraic equivalent
to each other modulo the system S and the condition D,. Thus adding to & an arbitrary
single derivative (&)).,i,s instead all three we obtain an equivalent new system. As such a
derivative we choose (€y)..y = (&0).22-

Now we make explicit calculation. The derivation (&)..; gives

K;zzZR;E + K;zzR;EE + K;ZER;Zz + K;zR;Zz

_K;ZzER;z - K;EzR;zZ - K;EER;zz - K;ER;zzZ - 2'9 . (DO);ZE' (42>

Simplifying the obtained equation we apply the following relations: the rule (6), the ho-
molorphicity equations A.; = 0, A., = 0, and the substitutions (2.7), (3.2). Let us notice
that the latter case we exclude higher order derivatives of K and so apply the projection
procedure. Calculating, we obtain K., = %gQA;gg and

K;Zzé — K;Z%z + (K;EZE - K;ZZZ) = _%QQA;ZZ - %QRK,E

Besides we also use the relations

R.: =R =19gAR and  R..:= R.:. + 1gRR.=1gAR.+ igRR,
where A = A, is the metric Laplace operator. Substitution of these relations yields

1?ARs + $PAsRz: + 1K .gAR,; +
(39°A.oe + 39RK )R + §° AL R... — K:(9AR.. + gRR..) = 1g° - AD,.

Rearranging the terms and dividing by ig, we obtain

K. AR;— K:AR, = 2igADy —2ig(A..R, + A, R.. + Az:R:+ A:R.),
which finally yields

{K, AR} =AD, — 2%((A;ZR;Z>;Z)'
We denote this equation by £ and set
07 =AR Dj = ADy — 2R((A.R..)..). (4.3)
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The equation & has the already familiar form

{K,¢i} = Di, (4.4)
and so we can apply Lemma 3.1. This gives us two more equations
& ={K,p3} = D; & = {K,p3} — D (4.5)
in which
©3 = {0, 1} D3 == {Do, ¢7} = {D, po} (4.6)
w5 = 3| Vil D3 := (VD;, Vi) — 4R(As - ((¢1):2)°)-
We also define the differential expressions
* . 1 X 0 0/);x
Kr = oot det (DT —(90’{);901')' (4.8)

Proposition 4.1. Let g = Az, y)(dx®+dy?) be a metric and A a holomorphic 3-codifferential.
Assume that g satisfies the differential condition @2 = 0 and that 5 = {R, A R}, is non-
vanishing.

Then g admits a cubic integral of the form F = R(A-p®+b- p*p) with the given tensor A
if and only if X and A satisfy the covariant PDEs G5, G5, and D. Moreover, the component
b= by + iby is given by the formulas by = \2K5, by = =N\ 2K,

Proof. As above, the existence of such a cubic integral F' is equivalent to solvability of the
equation &,: K.z = —%gQA;Z. Since D, G5, G35 are differential consequences of &£,, they are
necessary conditions.

Vice versa, the system (&, &) is solvable if and only if the integrability condition G5 = 0
is fulfilled, and then the solution is given by the formulas (4.8). Further, by Lemma 3.1,
(c), the equation &, is a linear algebraic consequence of the conditions of the 1st order
derivatives (&), (7). and the equations &,&5,E;. As we have shown, in the presence
of &, & those three equations are equivalent to D, G;, G5, respectively. Thus under the
conditions D = 0,G5 = 0,G; = 0 the solution K of the system (&, &;) solves also the
equation K-z = —5g?A,.. The proposition follows. O

4.2. Metrics admitting a Killing vector. In previous paragraphs we considered the cases
when one of the differential expressions ¢y = {R, 3|VR|2}, or 3 = {R, AR}, is non-zero.
Here we treat the problem of detecting of cubic integrals in the case when both ¢y and 3
vanish. Recall that by Bonnet-Darboux-Eisenhart theorem (see §1.5) this means that the
metric g admits a Killing vector field L'5%,
We maintain the notation introduced above. Define the expressions Dy, Dy, D;, D; from

and then L = Lip; is a non-trivial linear integral.

the relations

dSOODo_* 1= _ Tyx "
MQ%LQ—RM+RM—%W+%®

In particular,
D; = (900>;:EDT - (@T);IDO =R, (ADO - 2§R<(A;ZR;Z);Z)) - AR;I - Dy (4-9>
and similarly for Dy, D7, D;.
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Proposition 4.2. Let g be a Riemannian metric on a surface S with the curvature R and
A a holomorphic 3-codifferential. Assume that R., is non-vanishing and that the expressions
vs = {R, %|VR[§}9 and @3 = {R, AyR}, vanish. Then A is compatible with g if and only if
it satisfies the equations D, =0 and D} = 0.

Proof. Applying the prolongation-projection method, we repeat the proof of Proposition 4.1
until computation of the equation £. At this point the hypothesis 5 # 0 of the part (c)
of Lemma 3.1 is not satisfied. The situation here is similar to that in Section 4 where the
hypothesis ¢y # 0 was not fulfilled.

At this step prolongation-projection method produces the equation D} = 0, which is an
analogue of the equation D, = 0 in the case ¢} = 0. Indeed, the condition ¢35 = 0 means
the degeneration of the matrix of coefficients of the equations &y, & whereas the pair of
equations (¢35, Di) means the degeneration of the eztended matrix of coefficients of &y, &;.
In particular, under the hypotheses R, # 0 and ¢35 = 0 the equations £ = 0 and D} = 0
are equivalent.

Since D,,D; are differential consequences of the equations &,,&;, their vanishing is a
necessary condition for solvability of &,.

Vice versa, assume that D, = D* = 0. Let S be the set of the following PDEs: £., &,
their derivatives up to order 2, the equation & and its derivative (&).,. Then §# is involutive
and hence solvable, and every solution K produces a cubic integral.

The whole set of solutions of S# can be constructed in the same way as it was done in
the Proposition 3.1: We fix the initial value K, (P) at some point P € S, solve the ODE
2K, = K, with the initial value K,,(P) along z-axis, then the ODE (%K;x = K%, with
the initial value K, (x,0) at y = 0, and finally express K, using K., = K. O

5. INVARIANT EXPRESSIONS.

The complex calculus introduced and applied in previous sections relies on the choice of
isothermic coordinates. In this paragraph we get rid of it: Lemma 5.1 gives an answer on
the following two questions (for a fixed given metric):

(1) Given an integral F' cubic in momenta, how to calculate the tensor A (the real part of
the Birkhoff-Kolokoltsov form)?

(2) Given a symmetric (3,0)—tensor A, how to understand whether it can be the real part
of a holomorphic 2-codifferential.

If the coordinates we are working in are isothermal, it is easy to answer both questions
using the definition. But if the coordinates are generic, the questions are not that trivial.

We would like to remark that the first question will be especially interesting in view of
program for searching new metrics admitting cubic we integrals suggest in the conclusion
Section 7.

We use the following notation. x = z* and y = z? are local coordinates, g = g;;dx’da? is
the metric tensor, A := y/det(g;;) is the volume density, so that w, = Adx A dy is the volume
form, and Jij is the operator of the complex structure, ie., the operator of rotation by 90° in
the tangent bundle (it is easy to construct it for an arbitrary metric).
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Lemma 5.1. i) Let F = (F“*) be a symmetric 3-vector (ie., (3,0)-tensor). Then it can
be uniquely decomposed into the sum F = A + B where A = (A%) and B = (BY*) are
also symmetric (3,0)-tensors, and A = R(A), B = R(B) for some sections A of the bundle
TBIYS and B of the bundle T?US. Moreover, for arbitrary 1-forms oq, oa, o3 one has

A 1
A(al,ag,ag) == E(F(Oél,ag,ag) — F(J()él, JO[Q,O[g) - F(Jozl,ozg, JOég) — F(Otl, JO[Q, JOég)) (51)
A 1
B(a,ag,a3) = 1(3F(a1,a2,a3) + F(Jay, Jag,a3) + F(Jaq, az, Jag) + F(ay, Jag, Jag)) (5.2)

or in the index form
P 1 .. Y . . A S W
Atk — Z(}yl]k _ i kJZ;J]]», _ piik Jil"]l]:’ _ pid'k J;/Jlljf) (5.3)

Bk — Z(SF”’“ + FN T, 4+ FUOR LT + FIY L) (5.4)

ii) Let A be a section of the bundle TBOS and A := R(A) its real part. Then the imaginary
part S(A) is given by
- 1, ., . N . A
(S(A))7* = S (A7) + AT 4 AVL). (5.5)
Further, A is holomorphic if and only if the tensor A = (/l”k) satisfies the equation
VA(J- J-,J-, J) = =VA(-,-,-) orin the index form

ik ik (i g !
A( jkil) _ A k5l Jz(’ J]]"JII:’JI’)? (56)

where (ijkl) means the symmetrisation in the induces.
iii) The principle equation K. z; = —%A;Z can be written as

TK (088t + J*,JY) + grawju AR, = 0 (5.7)
where (;;y means the symmetrisation in indices.

Proof. i) By property (2) from §2.4, the bundle of complez-valued symmetric 3-vectors is
naturally isomorphic to the sum T30S @ TS @ THASH T3S, The complex conjugation
interchanges two inner and two outer summands. Therefore every real symmetric 3-vectors
has the form F' = R(A + B) for uniquely defined sections A of TB%S and B of TS,
The formulas for A = R(A) and B = R(B) are subject of linear algebra, therefore it is

sufficient to check them for the Euclidean case (R?, gg,.) and constant tensors A = 2 .-2..2

andB:%-Q~@ Inthiscaseflz?R(A):((6)3—3(2)2i),BZ?R(B)_ 8((8>2+

Oz 0z° Oz ox/ Oy T 0 \\Ox
9 \2 oy _ @ oy _ @ . . :
(35) ), and J(£) = 35 J(5;) = — 5> and an explicit verification follows.

ii) Consider the covariant derivative VA = R(VA). By (5) from §2.4, in any complex
coordinate z we obtain VA = A..dz + A:dz. Again in the coordinate z, multiplication
with g8 = A" 22 gives g7'VA = A N2 + A A2 Thus ' VA is the sum of two
components of the type 798 and T3S in which the 7% S-component is “responsible” for
Cauchy-Riemann term A.z. These two components are easily distinguished by the operator J:
C(J-J-,J-, J) =+C(-,-,-,-) for every section C of the bundle TS and C(J-, J-,J-, J-) =
—C(-,-,-,-) for every section C' of T3S, Thus holomorphicity of A is equivalent to the
equation g 'VA(J-, J-, J-, J-) = —g 'VA(, -, -, ).

Now we make use two easy observations. The first is that if C' is a sum of two sections
of the bundles TH*S and TP respectively, then the T*%S-component of C' vanishes if
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and only if C' := RC satisfies the equation C’(J-, JoJJ) = —C’(-, -,+,+). This fact can be
deduced from the action of the complex conjugation on bundles TS, see (3) from §2.4.
Another observation is that in the index form the symmetric tensor (g 'V A) is given by
Alkil) = Atk gbm  This implies the formula (5.6).

Now consider the tensor A..dz. By the construction, this is the section of the bundle
TBIS @ QLS The latter bundle is isomorphic to TS, and the isomorphism is induced
by the isomorphism TS @ QI0S = C. The latter isomorphism is simply the operation
of contraction of indices. This operation commutes with complex conjugation, and therefore
with the operator % of taking real part. It follows that the image of R(A..dz) in TI29S is
given by the symmetric (2,0)-tensor divA with components (A”"‘k) It should be noticed
that besides the usual symmetry A, = A7, this tensor has another symmetric property,
namely divA(J-, J) = —divfl(-7 -). Thus divA has two independent components, as it should
be since A., is complex-valued.

The last formula expressing $(A) can be deduced in a similar way as above and is left to
the reader as an easy exercise (and is not important for us).

iii) The real part of the principle equation (2.7) is

Kz+ K., = %(A;z —Az). (58)
Since the principle equation is the Q%2-component of (5.8), both equations are equivalent.
Since T(Jv,Jw) = T(v,w) for every section T of the bundle Q1S and T(Jv, Jw) =

—T(v,w) for sections of Q298 @ Q23 the tensor K..; + K... has components
SEu(0F0h + T J').

Rewriting the right hand side of (5.8) we start with the equality %(A;g —A,) =S(A4,).
Since A is holomorphic and A.; = 0, the tensor A, equals A% ;. Using the fact that the
isomorphism (2.2) is simply the contraction of indices, we obtain the formula g;;g;;S(AM™.,,).
Further, since A., has type 7203 i-A, = J-A,, and hence S(A.,) = —R(J-A.,). Using the
equality g;;J7; = wi, we obtain the desired form (5.7) of the equation. U

6. PSEUDO-RIEMANNIAN CASE.

In this section we show that the results and formulas obtained in the case of Riemannian
metrics remain valid in the pseudo-Riemannian case after an appropriate modifications which
we describe.

6.1. Null-coordinates. These are the counterpart of isothermic coordinates in the pseudo-
Riemannian case.

Definition 6.1. Let g be a pseudo-Riemannian metric on a surface. A vector (field) v
satisfying g(v,v) = 0 is called a null-vector (field). Null-coordinates® are such coordinates in
which ¢ has the has anti-diagonal form g = A(z, y)dzdy.

Lemma 6.1 (Folklore). Let g be a pseudo-Riemannian metric on a surface S. Then at each
point on S there emist local coordinates x = x',y = 2 in which g has the anti-diagonal form

g = Nz, y)dzdy

2From the mathematical point of view, isotropic coordinate system would be probably a better notion.
However, this terminology is already established in the physical literature, see e.g. [Cu-La], and moreover,
the notion isotropic coordinates itself has another meaning, see e.g. [Cro].
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Proof. At each point p on S the metric g has exactly two isotropic directions, ie., pointwisely
linearly independent vectors fields v, w with g(v,v) = g(w,w) = 0. Integrating them we
obtain a 2-web of curves on S. The local parameters functions for this 2-web are the desired
coordinates x = !,y = 22 O

Let us locally fix the order and the orientations of null-directions. Then an null-coordinate
system is defined uniquely up to oriented reparametrisations ’* = f*(z?).

6.2. Calculus in null-coordinates. As in the Riemannian case, formulas and calculus
become much simpler if we use null-coordinates.

In analogy with the complex calculus, define real bundles TS, TS QIO Q1S
generated respectively by vectors %, % and the forms da', dz?. The definition of these
bundles depends only on the local combinatorial data, whereas the decompositions T'S =
TS @ TOUS and TS = QLIS @ QOIS are defined solely by the metric g. Further, for
p,q = 0 set

Thhdg .— (T[LO]S)@)P ® (T[OJ]S)@J and QPdg .— (Q[LO]S)@P ® (Q[071]8)®Q_

Then

TPag g TW1g = Tlhte'atdlg (6.1)
for non-negative p,p',q,¢. We extend the definition of the bundles T4 S, QP4S for all
integers p, ¢ by means of the formula (6.1) and the relation

QPdg — Tlr-dg, (6.2)

Every section of the bundle 748 or QP4S is given by its single component/coefficient
which is a real function.

As in the case of complex calculus, we imbed the bundles T4 S, QP4S with p, ¢ > 0 in the
bundles of symmetric (k,0)- and (0, k) tensors. The imbedding is done using symmetrisation
operator. This gives us natural decompositions Sym*T'S = EB’; +q:kT[p7‘ﬂS and Sym*T*S =
ok QP

The metric g is a section of the bundle QM11S. We use multiplication with powers of ¢ to
define natural isomorphisms 7P4g = Ttkath g and QPadg =, Qbthathl g,

Further, define the operators VM0 : QPds —. Qlp+Ldg and vl . Qkds . Qpatl]
as the corresponding homogeneous components of the operator V. Thus for any section
F = f(z,y)dzPdy? of the bundle QP9S with p, ¢ > 0 we obtain

VP = fodaP ™ dy?, VIR = f,daePdy™,

and VIR F + VIO = Sym(VE) where Sym denotes the symmetrisation operator. In the
case of a section A = a(z,y)(9,)P(d,)? of the bundle TS with p,q > 0 we obtain

VIA=a, @70 VA=, 00,

and VI A + VIO A = Tr(VA) = div(A) where Tr denotes the contraction of indices. The
operators V2% and VU do not commute, and the commutator formula is similar to the
complex case (2.3):

(v(l,o)v(O,l) _ V(O’I)V(l’o))fdxpdyq _ 4 ; b R-g- fdaPdy?
(6.3)

(V(I,O)V(O,l) _ v<0’1>v<1’0>)f(ax)p(ay)q _»b ; 7, R-g- f(0,)P(d,)
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Let F(z,y;ps, py) be a function on 7*S cubic in momenta. Then it has a form F =
A1p3 — Asp? + (Bips + Bapy)papy for uniquely defined sections Ay of TBOS, Ay of TOSIS,
By of TS, and B, of TS, The Hamiltonian function corresponding to the metric has

the form H = 2?{5 L5, and the equation of integrability of F' reads

[FHY = 5k (PEA- (A1) — pEA - (Ao)at

pipy ’ (Bl : /\;y + 34, - )‘;w +A- (Bl);y +A- (Al)’acH‘

)

(6.4)
png (Ba - Ay —3A2- Ay + X (Ba).w — A (A2) )+
szcpz ’ (231 : )\;:c +A- (Bl);x + 2By - )\W A (BQ);y)>
Lemma 6.2. Let ¢ = Adxdy be a pseudo-Riemannian metric on a surface S in null-

coordinates.
(a) A function a(x,y) is independent of the variable y if and only if for some/every k > 0
the tensor A := a0 satisfies the equation A, = 0.
(b) Let F be an integral of g cubic in momenta. Then its components Ay and Ay depend
only on one corresponding variable.

Moreover, if Ay, As are non-zero at a given point on S, then there exists a null-coordinate

system (x,y), unique up to exchange of the coordinates, in which components of A; are
identically 1, ie., Ay = 02 and Ay = 85’.

Here A., means the covariant derivative V1 A.

Remark 6.1. Similar statement holds for polynomial integrals of other degree, see [Bo-Ma-Pul,
§3.3| for the case of quadratic integrals.

Proof. If (2/,y') is any null-coordinate system with A, = a,(2')0 and Ay = ay(y')d5,, then

the desired coordinates are defined by x = [ :{/% andy = [ = ZZ(y/). 0
Definition 6.2. For any function F' on the cotangent bundle TS cubic in momenta we call
the components A; and A,y the Birkhoff-Kolokoltsov 3-codifferentials associated with F' and
pseudo-Riemannian metric g. A; and/or A, is said to be quasi-holomorphic® if A; = a;(2")0?,
with a;(z") depending only on one variable.

The null-coordinate system (x,y) in which A4y = 92 and Ay = 8} is called adapted to
Ay, As or to F.

Proposition 6.1. Let g = Adxdy be a pseudo-Riemannian metric on a surface S in null-
coordinates and F a function cubic in momenta. Then F is an integral for g if and only

(A) its components Ay, Ay are quasi-holomorphic;

(B) there exists a function K(x,y) such that the components By, By are related as By =
“N2K,, By = A 2K,

(K) the function K satisfies the equations

Ko = 92 (A2>;y Ky = 92 (Al);x‘

3In view of pseudo-Riemannian metrics, pseudo-holomorphic would be probably a better notion. However,
this terminology is already reserved, see [Gro].
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Proof. Five homogeneous components of bi-degree T071S (i + j = 4) of the Poisson bracket
(6.4) are five equations on A;, B; and A. The function F is a cubic integral for g = \dzdy iff
all five equations are satisfied. The first two are equations (A). The last one can be written
as d(A\?Bydz + \*Bydy) = 0 and hence is equivalent to the property (B). Finally, substituting
expressions (B) into the remaining two equations (second and third lines in (6.4)) we obtain
equations (K). O

6.3. Calculation of equations in pseudo-Riemannian case. Here we use the trick and
translate all the results of §2.3 and Section 4 almost literally in the new situation. Doing so,
we must follow the next rules.

e the complex coordinate z is replaced by the null-coordinate x, the coordinate z by y;
e the holomorphic 3-codifferential A is replaced by the quasi-holomorphic 3-codifferential
Ay, Aby A,
e the imaginary unit i is dropped (replaced by 1), the operator J*; of rotation by 90° is
replaced by the identity |d operator;
e the complex conjugation a — a is replaced by the null-involution I : (z,y) — (y, z); the
operator S(A) = 5-(a—a) transforms into the operator P_ : a — $(a—1I(a)), this is the
operator of the projection on the eigenspace E;(—1) of the operator I corresponding to
the eigenvalue —1; similarly, the operator R(A) = 1(a+a) transforms into the operator
Py :a v 3(a+ I(a)) corresponding to the eigenvalue +1;

e the Poisson bracket {f, g} = ﬁ(f;zg;g — f29..) = g7 'S(f..g.2) is now given by the new
formula {f, 9} := g7 P-(f.20y) = 25 (f.x 0y — f9:0);

e if it is possible, every equation must be written in complex form and then its conjugate
must included to the system; exceptions are the equations which are real “in their
nature”, such as &,..., & &7, ..., &5, Go, ..., Gs; then after applying the above rules
every pair of complex conjugate equations transforms into a pair of equations &, I(£)
where [ is the null-involution above

For example, the equation Kz; = A., is complemented by its conjugate K., = Az, so
that counterpart of K.z = A., in the pseudo-Riemannian case is the pair of the equations
K., = Ay, and K, = Aj,. In particular, we have two real equations in both Riemannian
and pseudo-Riemannian cases.

Proposition 6.2. (a) After changes made by the rules described above, Theorems 1.1 and
1.2 remain valid in the pseudo-Riemannian case.

(b) Let g be a pseudo-Riemannian metric with vanishing @, @5 and non-vanishing ¢1. Then
g admits a nontrivial linear integral.

Proof. (a) The proof of Theorems 1.1 and 1.2 is done by means of formal calculus in which
the condition of positivity of the metric was never used.

(b) Considering in [Ei, pp. 323-325] Riemannian metrics g on surfaces with non-constant
curvature R, Eisenhart introduces the following coordinate system: One of the coordinates
is the curvature R itself and the other is orthogonal to the first one. In other words, g =
g11dx? + goody? and R(x,y) = x. The necessary and sufficient condition for the existence
of such coordinates is that VR is not orthogonal to itself. In the Riemannian case this
simply means the non-vanishing of VR and thus the non-constancy of R, in the pseudo-
Riemannian case this is the condition ¢; # 0. The rest of Eisenhart’s proof works also in
pseudo-Riemannian. [l
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6.4. Pseudo-Riemannian metrics with \VR\E = 0: local classification and nonexis-
tence of cubic integrals. The goal of this paragraph is to prove

Proposition 6.3. If a pseudo-Riemannian metric g with ]VR]E = 0 admits a non-trivial
cubic integral, then R 1s constant.

We will need the following

Lemma 6.3. Let g be a pseudo-Riemannian metrics with VR # 0 and |VR|§ = 0. Then in
generic null-coordinates it has the form

@)y, dedy

6.5
(F) + F@)P o)

with some functions f1(y), f(z), fo(x), and then the curvature is given by

R— 2f($)x
fo()
Moreover, there exist null-coordinates in which g has the normal form
dxd

Ty with R =2f(),. (6.6)

I= W+ f))

where f(x) is some function.
Such a metric g admits no Killing vector field, ie., no linear integral L.

Remark. The generic formula is given up to exchange of null-coordinates (z,y). In (6.5)
and in the proof subscript indices fi(y)y, Uzyy, - - . denote usual (partial) and not covariant
derivatives of functions fi(y), u(x,y), ...

Proof. Choose some null-coordinates (z,y). The condition |[VR|? = 0 means that the gra-
dient VR is a null-vector. Hence R depends only on one of null-coordinates, say on z,
and R, = 0. On the other hand, R, # 0 by the hypotheses of the lemma. Inverting the
coordinate z if needed, we may assume that g = e“®¥ dxdy for some function u(z,y).
Then R = e “ug, and the equation |VR|? = 0 reads (e‘“uxy)y =0, Or Uyyy — Ugytty = 0.
Substitution u, = v yields v,, — vv, = 0, which is equivalent to (2v, — v?), = 0. Hence
2v, = v* + ¢ (y) for some function 1 (y). This is a Riccati ODE, whose generic solution can
be found as follows. Let v;(y) be a fixed special solution of the equation 2v, = v* + ¥(y),
so that ¥(y) = 2(vi(y)), — v1(y)?. Since ¢ (y) was arbitrary, we may assume that vi(y)
is an arbitrary function and (y) is given by the above formula. Now make the sub-
stitution v(z,y) = vi(y) + —>—=. Then the equation 2v, = v* 4 (y) transforms into

(z,y)
wy, +vyw + 1 = 0. Since vi(y) is an arbitrary function we may assume it has the form

vi(y) = %y))y; with an arbitrary function f(y). Then the equation w, + viw + 1 = 0 reads

[1()ywy + fi(y)yyw + fi(y), = 0, which means (fi(y),w(z,y) + fi(y)), = 0. Consequently,
w(z,y) = —%Z)fy(x) with an arbitrary function f(z), and
_ Wy f1(y)
v(z,y) = (y)yyy 2Fw+i@-
Now integration yields u(z,y) = log(fa(x)) + [v(z,y)dy which gives the desired form of the

metric e*®Y) dxdy.

The functions fi(y), fo(z) can be easily eliminated using the substitution y' = fi(y),
' = [fo(x)dx
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Now assume that a metric g = A\(z, y)dzdy with R, = 0 admits a linear integral L. This
is equivalent to the existence of Killing vector field £. Since the curvature R is constant on
lines = ¢, £ must have the form £ = a(x,y)0,. The Lie derivation gives

Ze(Ndx dy) = a0y dx dy + X Oyavdr dx + X Oy dx dy.

In particular, 0,« must vanish. Then « depends only on y, and after the appropriate
reparametrisation ¢ = J,. But then A must be independent of x which would imply the
vanishing of R. U

Proof of Proposition 6.3. We use the following notation: x,y are null-coordinates in which
the metric has the form (6.6), f = f(z), fi(x) = fi, fo(x) = fo are functions of the variable
z, fi, f5', f" their derivatives. Further, we set Ay = a1(x)03, Ay = as(y)d;, and then af, af
denote the derivatives (in y in the case ay). The usual (non-covariant!) partial derivatives
are denoted by 92 K and so on. Besides we introduce the function Y (z,y) := y + f(z).

Ty

Clearly, it satisfies the relations 0,Y = f’ and 0,Y = 1. Finally, ¢, ¢s, ... will be constants.

In the case g = dfley with Y = y+ f(z) the only non-zero Christoffel symbols are I'}; = 27f/
and I'%, = —%. This gives us the expansions
2 Yd, —6f'ay
K, = aij + ?(%K and GA ., = — e

Thus K., — g*A; ., appears to be an ODE

=0

2 L —6f
8§yK+ ayK_(y+f)a1 5fa’1
y+f (y+f)
on K with respect to y with rational coefficients in which z is a parameter. The direct
integration gives

T Ya'—2f'a
K(z,y) = fi(z) + 22 4 Ya2la (6.7)
and hence
Ial /a/ //(l /2a
OuK(z,y)=fi+ 8- Loy fa Sfadle | 3. (6.8)

In the same way we obtain

K. = (896 + 271")31[( and G*Asy = %.

Now we make the following observation: Substituting of (6.7) in Y®(0% K + 27f/8$K )
and using 0,Y = f’,0,Y = 1 we obtain a polynomial (say P(Y)) of degree 5 in Y whose
coefficients are smooth functions in =, such that as(y) satisfy the equation Y0,as — 6as =
P(Y). For any fixed x this is a polynomial ODE on as. Integrating it, we obtain that (for
any fixed z!) is given by

az(y) =Y5 - (f3(x) + [YTP(Y)dY). (6.9)
In view of this formula, the problem of compatibility of the 3-codifferential A = (A1, A2) with
the metric g = (yf%g))z, is equivalent to finding the functions f(z), fi(x), f2(x), f3(x), a(z)

whose substitution in (6.9) gives a function independent of .
Further, if we write P(Y)) = 3.7 p;Y?, then the integration of (6.9) gives a polynomial
expression for as

— f3Y6 _ ZZ 0 szlyz
with coefficients depending only on z. After expanding Y = y + f(z) we still obtain an
expression for as which is a polynomial Q(y) = Z?:o ¢j(z)y’ in y of degree 6 with coefficients
¢;(z) depending only on x. However, since as is independent of y, all these coefficients must
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be constant. In this way we obtain 6 equations ¢;(x) = ¢; (ODE in general) on the above
functions f(z), fi(x), fo(x), f3(x) and a;(x). The expressions ¢;(z) can be calculated (or
checked) using the formulas above, and we simply provide the final results.

We are going to solve these equations using the prolongation(few times) and projec-
tion(mostly) method, resolving subsequently equations g¢s(z) = c¢g,¢5(x) = ¢s, ... and sub-
stituting the results into the next equation. The obtained new ODEs will be denoted by
Eg, Es, . ..

The first equation is simply f3(z) = cg, so fs is a constant. The next equation gs(z) = ¢
(up to constant factor) reads as c¢5 + 6¢gf — f; =0 or

! =c5+6cf. (6.10)
Substituting the latter expression g4(x) = ¢4 we obtain the next ODE FE, which reads
cs — 15¢6f* — fif' — 2 f} — 5fcs. Resolving it we obtain
Y = —2f1f —10fcs — 30csf* + 2¢4. (6.11)
Next one substitution gives the equation F3 which can be resolved as follows:
ay’ = 6c3 + 120c6f3 + 2fof" + 60 f2c5 — 24 fey. (6.12)
Doing the same with ¢o(z) = ¢, we obtain
af = (2f)7N (=2 = 3al f" — ar f" 4+ 12f 5 + 60c6 f* + 40 fPc5 — 24 [ cy). (6.13)
The result of the same procedure for ¢;(z) = ¢1, qo(x) = ¢p is

ay = (10f%)71(30f%cs + 60ce f> — Lday f" f' — 40 f%cs + 50 f*c5 + 5ey — 10fes),  (6.14)

a1 = (2f°) 7 (2f s — 2f%cs + co — 2f%c5 — 2¢6 f° — flz)er + [Pea). (6.15)

Recall that we have substituted in each successive equation the results of preceding cal-
culations. This was clearly the projection procedure, and the next one is the prolongation
one. Let us denote the expressions in (6.12-6.15) by Ajs, ..., Ay, so that the formulas read

agi) = A;. We compute solely the consistency equation A; — 0, Ag. The result is

Al — 0, A = %(160@6 +16f%c5 — 16f*cy 4+ 16 f3c5 — 8f%c2 + 8fc1 — 8¢y.) (6.16)

Since this consistency condition must be satisfied identically, we conclude that there are two
possibilities: either f” vanishes identically, or all constants cy, . . ., ¢g must be zero. By (6.6),
f” = 0 means that the curvature R is constant.

We exclude this possibility and consider the alternative case ¢y = ... = ¢ = 0. Then from
(6.15) we see that a; vanishes identically. The equation (6.12) reads now fof” = 0, and so f,
also vanishes. Finally, from (6.11) we obtain f]f’ = 0, which means that fi(x) is constant.

Summing up, we conclude from (6.7) that the the function K(x,y) is constant. Finally,
let us observe that the equation (y + f(x))9,a2(y) = 6a2(y) admit no non-trivial solution
depending only on y. 0]
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7. CONCLUSION

We presented an algorithm that, given a pair (g, A), where g is a two-dimensional metric,
and A is a holomorphic 3-codifferential, answers the question whether there exists a cubic
integral whose Birkhoff-Kolokoltsov 3-codifferential coincides with A. Moreover, in the most
interesting cases covered by Theorems 1.1, 1.2, it provides precise formulas for the integral.
The algorithm works in an arbitrary coordinate system: we need to calculate certain ex-
pressions given by precise algebraic formulas including the components of g and A and their
derivatives, and compare them with zero. It is easy to implement the algorithm on modern
computer algebra packages, say Maple® or Mathematica®.

Our results suggest the following program for search for new natural Hamiltonian system
admitting integrals polynomial in momenta integrals of degree < 3.

Let us take a metric on a surface whose geodesic flow admits a cubic integral. For example,
we can take a metric of constant curvature, or a metric admitting a Killing vector field, or a
metric coming from one of the known natural Hamiltonian system via Maupertuis principle.

Let K := |p], be the kinetic energy corresponding to such metric and F3 be the integral.
Let us now look for a function F} : T*S — R linear in momenta, and for a function V' : S — R
such that F3+ F} in an integral for K+ V' ie., {F3+ F;, K4+ V} = 0, where K is the kinetic
energy corresponding to g. By Maupertuis principle, the later condition is equivalent to the
statement that for every constant h the functions Hj, := ﬁKg and F}, := F3 + Hj, - I}
commute: {Hp, F,} = 0.

Clearly, the Birkhoff-Kolokoltsov 3-codifferential of the pair Hy,, F}, does not depend on the
parameter h and coincides with the Birkhoff-Kolokoltsov 3-codifferential of the pair K, F3,
i.e., is known since we know K and Fj. Thus, the conditions Go = 0, G3 = 0 (or D = 0,
G5 = 0, G5 = 0 in the case covered by Theorem 1.2) can be viewed as quasilinear PDEs
on the coefficients of F} and on V, i.e., on three unknown functions. Since the conditions
are fulfilled for every h, the system of PDEs for V' and F} is overdetermined. Easy analysis
shows that it is of finite type and there exists an algorithmic (though highly computational)
way to find a solution.

In other words, we suggest to look for new systems by adding potential to the known inte-
grable geodesic flows, and the results of our paper ensures that one can do it algorithmically.

Note that all known natural Hamiltonian systems either come from physics (e.g. Goryachev-
Chaplygin), or were obtained by the naive version of the above procedure (for example those
obtained in [Du-Ma, Se, Ve-Ts, Yel).

As the most promising metrics g to start the above program, we consider the metrics
admitting linear integrals. Recall that such metric are completely described. Local de-
scription is due at least to [Da, §§590-593|, global (= when the manifold is closed) can
be found for example in [Bo-Ma-Fo|. Note that the starting point for the systems from
[Du-Ma, Se, Ve-Ts, Ye| were certain metrics admitting linear integrals. This will be the next
direction of our research; we are quite positive that it is possible to describe all natural sys-
tem admitting integrals polynomial in momenta of degree < 3 such that the corresponding
metric admits a Killing vector field, and hope to find new examples.

Another perspective application is to try to prove/disprove the following conjecture from
[Bo-Ko-Fol: if a real-analytic metric on the 2-torus admits a cubic integral, then it admits a
linear integral, or its weaker form: if a real-analytic natural Hamiltonian system on the 2-
torus admits an integral of degree three in momenta, then it admits a linear integral. Indeed,
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as we explained in Corollary 2.1(ii), the space of holomorphic 3-codifferential on the torus
is a 2-dimensional linear space. More precisely, there exists a global (periodic) coordinate
system (z,y) on the torus such that the metrics has the form A(z,y)(dz* + dy?); in this
coordinates system the form A is (a + bi)% ® % ® %, where a,b € R. Then, one can view
the equations Gy = 0, G3 = 0 on the torus as two PDE on the coefficient A depending on two
parameters a, b.

One should also mention that in paragraph 2.4 we invented a calculus adapted to our
problem. The calculations are much easier in this calculus (for example, in the recent papers
[Kr| and [Br-Du-Eal, which deal with a priori easier quadratic integrals, most calculations
were done using computer algebra programs; in our paper, everything is done “by hand”).
We expect that the same calculus will effectively work in the case of integrals of higher
degree.

Acknowledgement: We thank Deutsche Forschungsgemeinschaft (Priority Program 1154
— Global Differential Geometry and Research Training Group 1523 — Quantum and Grav-
itational Fields) and FSU Jena for partial financial support.

REFERENCES
[Beg] H.G.W. BECEHR: Complex analytic methods for partial differential equations. An intro-
ductory text. World Scientific, Singapore; ix+273 pp., (1994).
[Bi] G. D. BIRKHOFF:  Dynamical Systems. A.M.S. Colloq. Publ. 9, Amer. Math. Soc., New
York, 1927.
[Bo-Ko-Fo] A. V. Borsinov; V. V. Kozrov; A. T. FOMENKO: The Maupertuis’ principle and

geodesic flows on S? arising from integrable cases in the dynamics of rigid body motion.
Russ. Math. Surv. 50(1995) 473-501.

[Bo-Ma-Pul] A. V. BorsiNnov; V. S. MATVEEV; G. Pucacco: Normal forms for pseudo-Riemannian
2-dimensional metrics whose geodesic flows admit integrals quadratic in momenta. J. Geom.
Phys. 59(2009), no. 7, 1048-1062, arXiv:math.DG/0803.0289v2

[Bo-Ma-Pu2] A. V. BorsiNnov; V. S. MATVEEV; G. PucAcco: Dini theorem for pseudo-Riemannian
metrics. Appendix to “A solution of another S. Lie Problem: 2-dim metrics admitting projec-
tive vector field” by V.S. Matveev. Math. Ann., to appear. arXiv:math.DG/0802.2346

[B-C-G-G-G] R. L. BRYaNT; S. S. CHERN; R. B. GARDNER; H. L. GOLDSCHMIDT; P. A. GRIFFITHS:
Exterior differential systems. Mathematical Sciences Research Institute Publications, 18.
Springer-Verlag, New York, 1991.

[Br-Ma-Ma] ~ R. L. BRyanT; G. MANNO; V. S. MATVEEV: A solution of a problem of Sophus Lie:
Normal forms of 2-dim metrics admitting two projective vector fields. Math. Ann. 340(2008),
no. 2, 437-463 arXiv:0705.3592 .

[Br-Du-Ea]  R. L. BRYANT; M. DUNAJSKI; M. EASTWOOD:  Metrisability of two-dimensional projective
structures. To appear in J. Diff. Geom. arXiv:0801.0300.

[Cro] S. J. CROTHERS: On isotropic coordinates and Einstein’s gravitational field. Prog. Phys.,
3(2006), 7-12.

[Cu-La] CH. CURRY; K. LAKE: Vacuum solutions of Einstein’s equations in double-null coordinates.
Classical Quantum Gravity 8(1991), no.1, 237-243.

[Bo-Ma-Fo] A. V. BorLsinov; V. S. MATVEEV; A. T. FOMENKO: Two-dimensional Riemannian

metrics with an integrable geodesic flow. Local and global geometries. Sb. Math. 189(1998),
no. 9-10, 1441-1466.

[Da] G. DARBOUX: Legons sur la théorie générale des surfaces. Vol. I1I, Chelsea Publishing,
1896.

[Du-Ma-To] H. R. DuLLIN; V. S. MATVEEV; P. TopaLov: On integrals of third degree in momenta.
Regular and Chaotic Dynamics, 4(1999), 35-44.



[K-K-M-W]|

[Kil]
[Ki2]

[Koe]

[Kol]

[Koz|

[Kr-Ly-Vi]

[Ve-Ts]

CUBIC INTEGRALS FOR GEODESIC FLOWS 35

H. R. DuLLIN; V. S. MATVEEV:  New integrable system on the sphere. Math. Res. Lett.,
11(2004) 715-722, arXiv:0406209
L. P. EISENHART: A treatise on the differential geometry of curves and surfaces. Boston,
New-York: Ginn and company, 1909
O. FORSTER: Lectures on Riemann surfaces. Graduate Texts in Mathematics, Vol. 81
Springer, viii4+254 pp., (1981).

M. GROMOV: Pseudo-holomorphic curves in symplectic manifolds. Invent. Math. 82 (1985),
307-347.

P. GrirriTHS; J. HARRIS:  Principle of algebraic geometry. John Wiley & Sons, N.-Y.,
(1978).

L. S. HaLL: A theory of exact and approximate configuration invariants, Physica D
8(1983), 90-116.

J. HUUETARINTA:  Direct methods for the search of the second invariant. Phys. Rep.
147(1987) no. 2, 87-154.

T. A. Ivey; J. M. LANDSBERG: Cartan for beginners: differential geometry via moving
frames and exterior differential systems. Graduate Studies in Mathematics, 61. American
Mathematical Society, Providence, RI, 2003
E. G. KALNINS; J. M. KRESs; W. MILLER JR.; P. WINTERNITZ: Superintegrable systems
in Darboux spaces. J. Math. Phys. 44(2003), no. 12, 5811-5848.

K. KiyoHARA:  Compact Liouville surfaces. J. Math. Soc. Japan 43(1991), 555-591.

K. KivyoHARA:  Two-dimensional geodesic flows having first integrals of higher degree.
Math. Ann. 320(2001) no 3, 487-505.

G. KOENIGs: Sur les géodesiques a intégrales quadratiques. Note II from Darboux’ ‘Legons
sur la théorie générale des surfaces’, Vol. IV, Chelsea Publishing, 1896.

V. N. KOLOKOLTSOV: Geodesic flows on two-dimensional manifolds with an additional
first integral that is polynomial with respect to velocities. Math. USSR-Izv. 21(1983), no. 2,
291-306.

V. V. KozLov: Topological obstructions to the integrability of natural mechanical systems.
Soviet Math. Dokl. 20(1979), no. 6, 1413-1415.

I. S. KrASILSHCHIK, V. V. LYCHAGIN, A. M. VINOGRADOV. Geometry of jet spaces
and nonlinear partial differential equations. Translated from the Russian by A. B. Sosinskii.
Advanced Studies in Contemporary Mathematics, 1. Gordon and Breach Science Publishers,
New York, 1986.

B. KRUGLIKOV; V. LYCHAGIN: Mayer brackets and solvability of PDEs. II. Trans. Amer.
Math. Soc. 358(2006), no. 3, 1077-1103.

B. KRUGLIKOV: Invariant characterization of Liouville metrics and polynomial integrals. J.
Geom. Phys. 58(2008), no. 8, 979-995. arXiv:0709.0423

R. LIOUVILLE: Sur les invariants de certaines équations différentielles et sur leurs applica-
tions. Journal de I'Ecole Polytechnique 59 (1889), 7-76.

V. S. MATVEEV; P. J. TorAaLOV: Geodesic equivalence of metrics on surfaces, and their
integrability. Dokl. Math. 60(1999), no.1, 112-114.

V. S. MATVEEV; P. J. TOPALOV: Quantum integrability for the Beltrami-Laplace operator
as geodesic equivalence. Math. Z. 238(2001), 833-866.

V. S. MATVEEV: A solution of another S. Lie Problem: 2-dim metrics admitting projective
vector field. Math. Ann., to appear. arXiv:math/0802.2344
E. N. SELIVANOVA:  New examples of Integrable Conservative Systems on S? and the Case
of Goryachev-Chaplygin. Comm. Math. Phys. 207(1999) 641-663.

V. 1. SULIKOVSKII:  An invariant criterion for a Liouville surface. Doklady Akad. Nauk
SSSR 94(1954), 29-32.

A. V. VERSHILOV; A. V. TSIGANOV: On bi-Hamiltonian geometry of some integrable sys-
tems on the sphere with cubic integral of motion. J. Phys. A, Math. Theor., 42(2009), 105203,
(12pp).



36 V. S. MATVEEV AND V. V. SHEVCHISHIN

[Wh] E. T. WHITTAKER: A treatrise on the Analytical Dynamics of Particles and Rigid Bodies.
Cambridge University Press 1937.
[Ye] H. M. YEHIA:  On certain two-dimensional conservative mechanical systems with a cubic

second integral. J. Phys. A, 35 (2002) 9469-9487

MATHEMATISCHES INSTITUT, FAKULTAT FUR MATHEMATIK UND INFORMATIK, FRIEDRICH-SCHILLER-
UNIVERSITAT JENA, 07737 JENA
E-mail address: vladimir.matveev@uni-jena.de

MATHEMATISCHES INSTITUT, FAKULTAT FUR MATHEMATIK UND INFORMATIK, FRIEDRICH-SCHILLER-
UNIVERSITAT JENA, 07737 JENA
E-mail address: shevchishin@googlemail.com



